Contents

Preface to the Second Edition AU

Introduction . . . . . o

Part 1. Questions Related to the Existence, Uniqueness and Regularity

of Solutions
Orientation . . . v v v v v e e e e e e e e e e e e e e e

. REPRESENTATION OF A FLOW. THE NAVIER-STOKES
EQUATIONS

. FUNCTIONAL SETTING OF THE EQUATIONS

2.1. Functionspaces . . . . . . . . . . . . . . ..
2.2. The Stokes problem and the operator A . . . . . . . . . .
2.3. Sobolev inequalities. The trilinear formb . . . . . . . . .
2.4, Variational formulation of the equations . . . . . . . . . .
2.5. Flowinaboundeddomain . . . . . . . . . . . .. . ..

. EXISTENCE AND UNIQUENESS THEOREMS (MOSTLY
CLASSICAL RESULTS)

3.1. Aprioriestimates . . . . . . . . . . . ...
3.2. Existence and uniquenessresults . . . . . . . . ... ..
3.3. Outlinesof theproofs . . . . . . . . . . . .. .. ...
3.4. Generic solvability of the Navier-Stokes equations . . . . .

. NEW A PRIORI ESTIMATES AND APPLICATIONS

4.1. Energy inequalities and consequences . . . . . . . . . . .
4.2. Structure of the singularity set of a weak solution . . . . . .
43 Newaprioriestimates . . . . . . . . . « « . « - .« « . .

. REGULARITY AND FRACTIONAL DIMENSION
5.1. Hausdorff measure. Time singularities . . . . . . . . . . .
5.2. Space and time singularities . . . . . . . . . . . .. ..

. SUCCESSIVE REGULARITY AND COMPATIBILITY CON-
DITIONS AT (=0 (BOUNDED CASE)

6.1. Further properties of the operators Aand B . . . . . . .
6.2. Regularityresults . . . . . . . . . . . . . . ... ...
63. Otherresults . . . . . . . . . . . . . . oo

Vil

11
13
15

17
21
23
25

29
32
32

43
44
47



iv CONTENTS

7. ANALYTICITY IN TIME
7.1. The analyticity result . . . . . . . . . . . . . .. ..
7.2. Remarks . . . . . .. . ... Lo

8. LAGRANGIAN REPRESENTATION OF THE FLOW
8.1. Themainresult . . . . . . . . . . . . .. .. .. ...
8.2. Proof of Theorem8.1 . . . . . . . . . . . ... ....
83. Appendix . . . . . . .. ...

Part II. Questions Related to Stationary Solutions and Functional
Invariant Sets (Attractors)

Orientation

9. THE COUETTE-TAYLOR EXPERIMENT

10. STATIONARY SOLUTIONS OF THE NAVIER-STOKES
EQUATIONS
10.1. Behavior for t—. The trivialcase . . . . . . . . . . . .
10.2. An abstract theorem on stationary solutions . . . . . . . .
10.3. Application to the Navier-Stokes equations . . . . . . . .
10.4. Counterexamples

11. THE SQUEEZING PROPERTY
11.1. An a priori estimate on strong solutions . . . . . . . . .
11.2. The squeezing property

12. HAUSDORFF DIMENSION OF AN ATTRACTOR
12.1. Functional invariant sets and attractors . . . . . . . . . .
12.2. Hausdorff dimension of functional invariant sets . . . . . .
12.3. Other properties of functional invariantsets . . . . . . . .

Part I1I. Questions Related to the Numerical Approximation

Orientation

13. FINITE TIME APPROXIMATION

13.1. An example of space-time discretization . . . . . . . . .
13.2. The convergence theorem

51
56

57
58
60

61

67
71
72
76

79
79

85
86
89

91

93
95



14.

CONTENTS v

13.3. A compactness theorem . . . . . . . . . . . ... .. 97
13.4. Proof of Theorem 13.1 (conclusion) . . . . . . . . . . . 100

LONG TIME APPROXIMATION OF THE NAVIER-STOKES
EQUATIONS

14.1. Long time finite dimensional approximation . . . . . . . . 105
14.2. Galerkin approximation . . . . . . . .. . . ... .. 109

APPENDIX: INERTIAL MANIFOLDS AND NAVIER-STOKES

EQUATIONS . . . . . .. e e e e e e e e 113
A.l. Inertial manifolds and memal systems e e e e e 113
A.2. Survey of the main results . . . . e e 114
A.3. Inertial system for the Navier-Stokes equatlons ....... 119
A.4. Flowaroundasphere . . . . . . . . . . . . . .. ... 124
Comments and Bibliography . . . . . . . . . . . . . .. .. 127
Comments and Bibliography: Update for the Second Edition . . . . 129

References . . . . . . . . . . . . . ... 0oL e 131



