Contents

Preface

0. References, Notation and Special Symbols . .

1. Operators and Symmetry Operations
1. Configuration space operators
2. Definitions .
3. Symmetry operations
4. Function space operators . .

2. Basic Definitions for Groups . .

. Definition of a group

Conventions and definitions

. Conjugation and class .

. Mappings, homomorphisms and extensions
. Examples

3. Representations

Representative

Representations

Direct sum ..

Similarity

Reduction .. .

Regular representatlon .
Theorems on irreducible representatlons
Characters .

Reduction and frequencwb

Intertwining numbers .

. Conjugate groups and representatlons

Vo NG w N

——
-

xlii

vii

12
12
14
16
18

22
22
23
25
29
34

38
38
39
41
41

SEERSE

47
48
48



xiv CONTENTS

4. Group Products and Frequencies

Outer direct product

Inner direct product ..
Outer direct product of bases and representatxons
. Inner direct product of representations

The frequency theorem

. The intertwining number lemma

The semidirect product

Nous e -

5. Cosets ..

Single cosets

The factor group

Double cosets ..

The double coset theorem

Double coset decomposition of the outer dlrect product

wn B W N =

6. Projective Representations

. Definition and notation

. The factor system .. .

. Equivalent factor systems. .

. Some particular factors

. Standard factor systems

. Normalized factor systems

. Properties of factor systems .
. Reduction of projective representations . .
. Orthogonality relations and consequences
. The characters

. The covering group .

. Construction of a covering group

. Example

0~ NN B W N -

ke
wW N = O O

7. Space Group Operations
1. The space group
2. The Seitz operators
3. The translation subgroup . .
4. Structure of space groups

52
52
54
54
57
57
58
58

61
61
62
64
66
68

12!
72
72
74
77
77
78
79
80
81
84
85
88
96

102
102
107
109
113



CONTENTS XV

8. Representations of the Translation Group: Bloch Functions .. 115
1. The representation of T .. .. .. .. .. 115
2. Bases of the representations: Bloch functlons .. .. .. 118

9. The Linear Chain .. .- .. . .. .. o121
1. The symmetry operations . . .. .. .. .. ..o 121
2. The classes .. . .. .. .. .o 122
3. Structure of the 1rreduc1b1e representatlons .. .. .. 124
4. Bases of representations .. . .. .. .. .. 124
5. The irreducible representations .. .. .. .. .. 126
6. Conclusions .. .. .. .. .. .. o127

10. The Ground Representation. . .. .. .. .. .. 131
1. The ground representation .. .. .. .. .. 131
2. Subelements .. .. .. .. .. .. .. 133
3. Example .. .. . .. .. .. .- .. 133
4. Special cases .. .. .. .. .. . ..o 135

11. Subduced and Induced Representations .. .. .. .. 137
1. Subduced representations. . .. .. .. .. .. 137
2. The induced representation theorem .. . .. .. 138
3. The induced representation .. . .- .. o139
4. Examples .. .. . .. .. .. ..o 141
5. Character of the induced representatlon .. .. .. 142
6. Special cases of induced representations . .. .. 144

12. Frequency and Equivalence Theorems Transivity of Induction .. 146
1. Frequency theorem for induced representations .- .. 146
2. The equivalence theorem .. .. .. .. .. .. 147
3. Frobenius reciprocity theorem .. .. .. .. .. 148
4. Transivity of induction .. .. .. .. .. .. 149

13. The Mackey and Related Theorems .. .. .. ..o 151
1. The Mackey theorem .. .. 151
2. Application: The number of 1rreduc1ble representatlons of a

group .. .. .. .. .. .. .. 153
3. The product theorem .. . .. . .. .. 155
4. The intertwining number theorem .. . . .. 156

5. The triple product theorem . .. . .. .. 156



xvi

CONTENTS

14. Little Groups and Orbits

._
e

[,
—

00N s W

Some properties of conjugation ..

. The superorbit of a representation

The little group

The orbit of a representation .. ..
Orbits and little groups for an invariant subgroup
Example of orbits and little groups

The induced representation and the orbit

The induced representation onto the little group
The small representation

Permissibility condition for small represematlons subductlon

theorem

. Frequencies and dlmensmns of the permltted small

representations

15. Intertwining Numbers and Little Groups

1.

2.
3.

16. Irreducibility and Completeness of the Induced Representations . .

R

The intertwining number theorem for an invariant subgroup
Necessary and sufficient conditions for irreducibility ..
The intertwining number theorem for the little group ..

The irreducibility theorem
Orbits and their number ..

. Small representations and the representatlons of G

Uniqueness of the representations

. Completeness of the representations

Discussion

. Form of the representations

17. The Reduction of Space Groups

00 3N W BN

. Conjugate representations of the translations
. The superorbit and the superstar. .

. The little group or groups of the k vector

. Orbits, stars and representations

. Little factor groups and little cogroups ..

. Form of the representations ..

. Obtention of the small representations ..

. Reduction scheme . .

158
159
164
164
166
169
170
172
176
176

178

180

182
182
183
184

185
185
186
188
189
191
191
192

196
196
198
199
202
205
208
211
216



9.
10.
11.
12.
13.
14.
15.
16.

17.
18.

CONTENTS

The linear chain . .. ..

A non-symmorphic two- dlmensmnal space group

A comment on the little cogroup. .

The Herring method

Properties of the Herring groups

Reduction scheme for the Herring method

The Herring method for a two-dimensional space group
Relation between the Herring and the projective
representation methods

The meaning of the degeneracies ..
Reduction of the hexagonal close-packed space group

18. Selection Rules in Crystals ..

1.
2.

3.

Sketch of the problem .
Calculation of the frequency coefﬁc1ents
Example

19. Semidirect Products and their Reduction ..

e e e =
00 ~d N W B W= O N

—
o

Introduction
Notation for group elements
Conjugation

. Definition of the semldlrect product
. Multiple products ..

Point groups as semidirect products .
Examples of the theorems on multiple products
Conjugation in semidirect products

Generating expansion for classes. .

. Class theorem for semidirect products

. Class theorem for direct products

_ Class theorems for a semidirect product with abellan invariant
_ Class theorems for a semidirect product with S cyclic

. Example of the class theorems: the octahedral group O

. Reduction of semidirect products

. Form of the representations ..

. Form of the representations in special cases ..
. Example of reduction: the representations of the octahedral

group O

. Further simplifications for abellan groups

xvil

218
218
221
222
224
227
228

231
232
235

246
246
248
251

257
257
258
258
261
264
267
275
276
276
271
283
284
285
287
293
300
302

306
310



Xviii CONTENTS

20. Molecular Symmetry and the Groups of Nonrigid Molecules
. Introduction

. Symmetry operations

The symmetry group of electromc hamlltomans

The symmetry of vibrational states

. Symmetry operations of nonrigid molecules

. Structure of the symmetry groups of nonrigid molecules
. Approximate symmetries . .

The Longuet-Higgins method

The group of borontrimethyl

. The classes of the borontrimethyl group

Ju—

P

References

Index

. The irreducible representations of the borontr1methy1 group .

318
318
318
323
325
327
331
336
337
339
345
352

359

361



