TABLE OF CONTENTS

CHAPTER PAGE
I. INTRODUCTION 1
II. COMPLEX STRUCTURES ON VECTOR SPACES 6
Complexification of a Real Vector Space
Complex Structure
The Relation between Complexification and Complex Structure
Conjugate Complex Structure
Complexification of the Dual Space
Expressions in Terms of Bases
Orientations
III. COMPLEX MANIFOLDS 21
Manifolds
Complex Structures
Necessary Conditions for a Complex Structure to Exist
Examples of Complex Manifolds
The Conjugate Manifold
The Product Manifold
The Real Subspace
Functions and Analytic Continuation
IV. VECTORS AND TENSORS ON A COMPLEX MANIFOLD 39

The Tangent Space and the Cotangent Space

The Complexified Tangent Space

Complex Structure on the Tangent Space

Complex Structure on the Cotangent Space

Relation Between the Canonical Complex Structure and the
Manifold Complex Structure

Vectors and Tensors

Real Tensors

Vectors and One-Forms of Type (1,0) and Type (O,1)

Complex Tensors and Complex Manifolds

Tensor Fields

Analytic Continuation of Tensors

The Exterior Derivative Operator d

The Operators 3 and 3

The Dolbeault-Grothendieck Lemma



\|

TABLE OF CONTENTS

CHAPTER PAGE

V. AIMOST COMPLEX MANIFOLDS 72

Almost Complex Structure

Conditions for Existence of an Almost Complex Structure

Almost Complex Structure on a Complex Manifold

The Nijenhuis Tensor

Vanishing of the Nijenhuis Tensor as Necessary and
Sufficient Condition for Integrability

Relaxation of Differentiability Requirements on J and
Integrable Almost Complex Manifolds

VI. HERMITIAN AND KAHLERIAN MANIFOLDS 89

Hermitian Structures on Vector Spaces

Hermitian Manifolds

Kdhlerian Manifolds

Conformally Kdhlerian Manifolds

Differential Gecmetry on Hermitian and Kihlerian Manifolds
Curvature on Kihlerian Manifolds

Recapitulation

VII. REVIEW OF GENERAL RELATIVITY 120

General Relativistic Interpretation of Differential
Geometry

Newman-Penrose Formalism

Lorentz Transformations

Geometric Meaning of the Spin Coefficients

Surface and Hypersurface Orthogonality

Algebraic Classification of Fields

Type D Spacetimes

Kerr-Schild Spacetimes

Conformal Geometry

Constants of Motion

Spinors

VIII. STRUCTURES ON SPACETIME MANIFOLDS 176

A Genuine Almost Complex Structure for Spacetimes

Necessity for Complex Valued Almost Complex Structure
Tensor

The Modified Almost Hermitian Structure

Modified Integrability Considerations



Vi

TABLE OF CONTENTS

CHAPTER
Generalized Reality Conditions and the Product
Manifold as the Complex Extension
Modified Complex Analysis
The Integrability Conditions xk =0 = v =X =0
Example: Structure Coordinates for Schwarzschild
and Kerr Spacetimes
Modified Kahlerian Spacetimes
Duality and Almost Hermitian Structure
IX. KAHLERIAN SPACETIMES

Complex Lorentz Transformations, Complex Null Tetrads,
and Complex Metrics

Derivation of the Real K&hlerian Spacetimes

Structure of the Real K&hlerian Spacetimes

Symmetries in Real Kdhlerian Spacetimes

Left-K&hlerian Spacetimes

Zerc Rest Mass Free Fields

Solutions on Left~K&hlerian Spacetimes

Geroch~Held-Penrose Formalism

X. COMPLEX TRANSFORMATIONS

XI.

XII.

Generation of Twist

Generation of Twist in Minkowski Space
Newman's Complex Transformations
"Explanations" of the Newman Transformations
Analytic Complex Transformations
Non-Analytic Complex Transformations

The "Heavenly Explanation"

TWISTOR THEORY AND HEAVENLY SPACETIMES

Twistors for Minkowski Space

Twistor Physics

Analytic Metrics, Twistor Surfaces, and Kerr's Theorem
Curved-Space Twistors

Heavenly Spacetimes

DISCUSSION

PAGE

211

292

345



CHAPTER

APPENDIX A.

APPENDIX B.

APPENDIX C.

BIBLIOGRAPHY

Vil

TABLE OF CONTENTS

Pseudogroup Structures
Product Structures

Complex Vector Bundles

PAGE

347

350

361



