LIST OF CONTENTS

Preface ... .. ... ittt ittt ittt ettt v
Listof Notations . . ... .. i ittt ittt ineananeneoennns vii
Part 1: p-adic and g-adic Numbers, and Their Approximations . ... .. 1
1. Valuations and pseudo-valuations . ........0vvveeeuennns 3
1. Valuations and pseudo-valuations . . ................. 4
2. Thep-adicvaluationsof I” . . ... ...t eneennns 5
3, Afurtherexample . .. .. .ottt ittt et eneeannnanns 6
4, Valuations and pseudo-valuations derived from
GIVEN ONesS . . .. .t i ittt it ittt et 7
5. Bounded sequences, fundamental sequences, and
null sequences . ......cciiiietneenonnnsonsenas 9
6. The ring {K},, andtheideal # . .................... 11
7. Theresidueclassring Ky, « .. ..o ii i i, 12
8. The completion of a field with respect to a
valuation . .. .. 0 i i i e e e e e s e 13
9., Thelimitnotation . .......... .00, 13
10. The continuation of wf(a) onto Kyy .................. 14
11. The elements of K liedensein Ky, ................. 15
12. Fundamental sequencesin Ky . ... ..o vvivviii .. 16
13. Equivalence of valuations and pseudo-valuations . .. ...... 17
14. The valuations and pseudo-valuationsof I" ............ 18
15. Independent pseudo-valuations . . .. ... .. .. .00 uu.. 20
16, The decompositiontheorem. .. ..... ... 21
17. Convergent infiniteseries . ........... ... ... 24
IL. The p-adic, g-adic, and g*-adic series . .........cc00v.. 26
I. Notation ... .. .. .ttt ittt ittt it i et 27
2. Thering I, andtheideal® ................... ... 29
3. The residue class ring Ig/, ..................... 30
4. Systems of representatives . ... ... ... ... . . 0. 31
5. Series forg-adicnumbers .......... ... . 0. 32
6. Series for g*-adicnumbers ..........c000i00unn 36
7. Sequences that converge with respect to all
valuations of I . . . ... i it it i e e e e 40
111, A test for algebraic or transcendental numbers ........... 41
1. Notation . .. ... ittt it ittt i et 42
2. The minimum polynomial of an algebraic number .. ...... 42
3. Analgebraicidentity . . ... .. .. . o i i i e 43
4. Inequalities for algebraicnumbers . ................. 45
5. Atheoremonlinearforms ................00..... 48
6. On a system of both real and p-adic linear
(0T ¢+ V- 50



1v.

V.

VI.

VII.

LECTURES ON DIOPHANTINE APPROXIMATIONS

7. Polynomials F(x) for which w(F(a)) issmall .......... 53
8. A necessary and sufficient condition for
transcendenCy . .. oo vt ittt ittt e e s e 55
Continued fractions .. ......... ... nernnn 58
1. The continued fraction algorithm in the realcase ........ 58
2, The convergents of the continued fraction fore, ... ...... 59
3. The distinction between rational and irrational
NUMDEIS . .ttt it it et touensacsoesesoeenannnnas 60
4. Inequalities for |[Qa,—Pk| .......... ... .. .. ..., 62
5. The convergents as best approximations .............. 63
6. The rational approximations of g-adic integers ......... 63
7. The continued fraction algorithm for a g-adic
integer .............. ceeeane I 1.
8. Twonumerical examples .........c.cceeeeeceescan 67
9. Final remarks to the g-adic algorithm ............... 69
10. The continued fraction algorithm for g*-adic
NUMDErS . .. it neeeeaoennennens s e s e ee e 69
Part 2: Rational Approximations of Algebraic Numbers.
The ProblemandIts History . .................00... 73
1, Infroduction . .. v v inie et inenneennnneennnns 71
2. Linear dependence and independence ................ 77
3. Generalized Wronski determinants . . . v v o v v v v v v nn.. 78
4. The case of functions of one variable ................ 79
5. Thegeneralcase ............ C e ettt 80
6., Anidentity . ... ...ttt ittt it it et 82
7. Majorantsfor U, V, and W .........0uivvvnnnennn. 85
8. Theindexof apolynomial .. .....0vivinnenenennn. 87
9. The upper bound 8y, (a; H,, ..., Hp; 1, , , Tm)s « ... 89
10. Anupperboundfor @1 (a; r; H) ...........0cveunn. 90
11, The property F Y I T 90
12. A recursive inequality for@y,. I .................. 92
13. A recursive inequality for@p, . II. .............c..... 93
14, Proof of Roth’s Lemma . ... i ooneneinnnnnnnennnes 96
The Approximation Polynomial .........ce0vineunn... 98
1, Theaim ...t iii ittt in ittt nneonoenennennennens 98
2. The powers of an algebraicnumber ..........0000... 98
3. Alemmaby Schneider . ... ....... ... it eenen. 99
4. The constructionof A(x1,...,%xy). L ........ ..., 101
5. The constructionof A(xy,...,xp). I ... o ..., 102
6. The constructionof A(xy,...,%xp). M. .. .. ........ 104
The First Approximation Theorem .. ........00 v 107
1. The properties Ag,B,and C . ... ... ... venee onnn 107
2. The selection of the parameters . ..........e0ceev.. 109
3. Application of Theorems land2 ............. e e 112
4. Upper bounds for |Aq)| .- ... ooveiiL e 113

5. An upper bound for |A(1)[g ....................... 116



VIII.

6
7.
8. Conclusion of the proo
9. The first form of the First Approximation Theorem ......
10.
11
12
13

CONTENTS

. Anupperbound for |Depy| ..ol

Lower bounds for |N(12| ........................

.........................

Polynomials in a field with a valuation . ..............

. Two applicationsof Lemma 1 .......c.cciiieeoen.
. Theproperty Aj .. ..coveeeuesonoanceannananenns
. The second form of the First Approximation

THEOTEIM & v v o v o s oot s s o s s s soossnesscsasssseas

The Second Approximation Theorem ............cv0uv.n

a3 O WD) =

The two forms of thetheorem . ....... ... ...
The Theorem (2, II) implies the Theorem (2,I) ..........
The Theorem (2, 1) implies the Theorem (2,1II) ..........
The Theorem (2, I) implies the Theorem (L,I) ..........
The integers L T I
The numbers g, 8", 8", Py Oy Ay Hee s o oo e vttt et nnan
The Theorem (1,1} implies the Theorem (2,I) ..........

Applications . .. .. oo vt v ie it sttt ettt aoan

O N
) .

5.
6.

The theorems of Rothand Ridout . ..................
The continued fraction of a real algebraic number .......
The powers of a rational number . ..................
The equation P&) + Q) +rRK =0 .. ... ... .........
The approximation by rational integers . . . .. ..........
Anexample . .. ..ot vttt ettt e e e e

Appendix A. Another proof of a lemma by Schneider . . ...........

Appendix B. A theoremby M.Cugiani .............00ononn

Appendix C. The Approximation Theorems over Algebraic Number

7= 1=



