CONTENTS

IN T RO DU CTION . .o e et v

CHAPTER 1. HANDLEBODIES

§1. Standard Graphs and Meridian-Systems ......................... 1
The Sliding Process 2
Whitehead Equivalence Classes 4
Standard Graphs and Dehn Twists 7
§2. The Disc-Complex ........ooiiiiiiiiiii i i 10
§3. Homeomorphisms ............... ...t t.... 14
The Mapping Class Group 14
The Conjugacy Problem 17
The Torsion Problem 17
The Fizpoint Problem 18
§4. Pseudo-Anosov Homeomorphisms ..........................o.... 23

§5. Branching Complexes ...............oiiiiiiiiiiiiiiiiiiin.. 24

CHAPTER II. RELATIVE HANDLEBODIES

§6. Heegaard-Diagrams ................cc.ouiriiiriemenanenenanann.. 37
8T SUIfaCeS ... 42
Simplicity of Relative Handlebodies 42
Minimal Meridian-Systems 45
Finiteness for Surfaces 54

§8. HomeomorphiSms .......... ... 59

Classtfication 59
Mapping Class Group 60

89. Duality

Piping, Pseudo-Piping and Pruning 64
Piping in Relative Handlebodies 65
Pseudo-Piping and Essential Surfaces 68
The First Homology Group 74



Contents Xv

The Second Homology Group 75
Duality in Relative Handlebodies 80

§10. Presentations for Surfaces .................... ... 84

Marked Basis 84
Marked Basis and Surfaces 85
Presenting Essential Surfaces 87

§11. The Seifert Characteristic ................................. 94

Complezities 94
Estimates 96
Applications 105

Surface-Systems 107

§12. Algorithms for Surfaces ......................... .. ... ... ... 110
Preliminaries 110
The Compression-Process 111
Compression-Complerity 114
Compression-Map 116
Compression-Lines 119
Isotopy of Surfaces 122
Boundary-Parallelity 127

§13. The Haken Spectrum ..................... . ... .. .. ... ... ... 130

Matrices for Labelled Discs 130
Matrices for Presentations 131

Spectral Equations and Arc-Systems 132
Isotopy-Algorithm 134

Generating Surfaces 136

Basic Surfaces 138

Searching for Essential Surfaces 140
Enumerating Essential Surfaces 145

CHAPTER III. GENERALIZED ONE-RELATOR 3-MANIFOLDS

§14. Good Pencils ............ ... ... ... ... .. .. . ... 148
§15. The Handle-Addition Lemma (Absolute Form) ................ 152

Preliminaries 152

The Separating Case 152

The Non-Separating Case 155
Heegaard Strings 160

§16. The Handle-Addition Lemma (Relative Form) ................. 162



xvi

§17.

§18.

§19.
§20.
§21.

Contents

Admissible Heegaard Strings 162
Displacements 164 ‘
Displacements are Almost Essential 168
Tubular Cages 178

Relative Handle-Addition Lemma 181

Homotopy and Isotopy ...t 184

Deformations of Generalized Heegaard Strings 184
Deformations into Free Faces 186

Deformations into Bound Faces 189

Deformations between Generalized Heegaard Strings 203

The Mapping Class Group ...........oiiiiiiiiiiiiiiian e, 212
Preliminaries 212
Heegaard Strings and Mapping Class Group 213
Incompressibility ....... ... . e 217
The Compression-Algorithm ............ ... .. 221
The Haken Spectrum ......... ... ..o i, 231

Heegaard Cylinders 231

Estimates 233
The Seifert Characteristic 236

The Haken Spectrum 237

§22. AnExample ... ... . 239

CHAPTER IV. N-RELATOR 3-MANIFOLDS

§23.

§24.

§25.

The Handle-Addition Lemma (General Case) .................. 247

Strictly Normal Surfaces 248
Strictly Normal Positions 249

Slides Associated to Bad Arcs 251
The Handle-Addition Lemma 254

Reducibility of Heegaard Graphs 256

Good Pencils 261
Estimates 262
Heegaard Cylinders 264

Deformations of Heegaard Graphs 267

The Unknotting Theorem ........... ... ... .o, 269

Eristence of Local Knots 269
Resolving Local Knots 271

Distances for Heegaard Graphs .......................... ... .. 276



CHAPTER V. THE SPACE OF HEEGAARD-GRAPHS

§26.

§27.

§28.

§29.

§30.

§31.

Contents

Definitions 276

Pushing Heegaard Graphs 277
Embeddings of N-Relator 3-Manifolds 278
The Reidemeister-Singer Theorem 281

Constructing Heegaard Graphs ...................

Heegaard Graphs and Presentations 289
Equivalences for Heegaard Graphs 290
Presenlations Associated to Heegaard Graphs
Turbulization for Heegaard Graphs 293
Ezotic Heegaard Strings 296

Ezrponential Growth 306

Haken Complexes and Heegaard Complexes ......

Haken 2-Complexes 310

Haken 2-Complexes Associated to a Hierarchy
Useful Haken 2-Complezes 313

Graphs and Haken Graphs 317

Heegaard 2-Complezes 329

Useful Heegaard 2-Complezes 330

Short Companions for Haken Graphs .............

Short Companion Arcs 333

Heaps 335

Pseudo-Arcs, Bundle-Paths and Combs 338
Complezities for Haken Graphs 343

Short Compantons for Haken Graphs 344

Invariant Regions for Long Arc-Sequences ........

Train-Tracks 359
Webs for 1-Manifolds 360

Spliced Graphs 362
Mizing Factors and Invariant Surfaces 364

The Universal Limit for Induced Haken Graphs . ..

Base-Length of Bundle-Paths 376

Inessential Bundle-Paths 382
Squares 385

a-Dominated Heegaard 2-Complezes 388

Finiteness for Heegaard Graphs ..................

Xvi

291



xviii Contents

Special Shides 389
Finiteness for Heegaard Graphs 390
Growth of the Tietze Spectrum 399

§32. Rigidity for Heegaard Graphs

Definition of Small p-Reductions 401

Existence of Small p-Reductions 402
Edge-Paths and Trees 410

Equivalent Vertices and Small p-Reductions {12
Normal Curves for Heegaard Graphs 417

The Rigidity Theorem 420

§33. Reidemeister-Zieschang Problem
Equivalence Classes of Curves 423

APPENDIX. COMPUTING SURFACES

Non-Separating Surfaces 427
Separating Surfaces 429



