Contents

Series Editor’s preface 9
Preface 11
Notation 13-
Chapter 1. Introduction 16
1.1 Lattice points in plane domains 16
1.2. Lattice points in many-dimensional domains 23
1.3. Lattice points and exponential sums 26
Chapter 2. Estimates of exponential sums 28
2.1. One-dimensional exponential sums 29
2.1.1. The method of van der Corput 29
2.1.2.  The application of Weyl’s steps 33
2.1.3.  Transformation of exponential sums 37
2.1.4.  The method of exponent pairs 51
2.2 Double exponential sums 60
2.2.1.  The method of Titchmarsh 62
2.2.1.1. Basic Lemmas 62
2.2.1.2. Applications to double exponential sums and three-
dimensional lattice point problems 70
2722 Estimation of double exponential sums by iterated appli-
cation of the one-dimensional theory 14
2.2.3.  Applications of Weyl’s steps 82
2.2.4. Transformation of double exponential sums 90
2.3. Multiple exponential sums 97
2.3.1. Transformation of multiple exponential sums 98
2.3.2.  The basic estimates 103

Notes on Chapter 2 106



6 Contents

Chapter 3. Plane additive problems

3.1

3.1.1.
3.1.2.

3.1.3.

3.2

3.2.1.
3.2.2.
3.2.3.
3.24.

3.2.5.

3.2.6.

3.3.

3.3.1.
3.3.2.
3.3.3.
3.34.

Notes on Chapter 3

Domains of type f(|€]) + f(in]) =< x
Trivial estimates

Representation and estimation of the number of lattice

points

The Erd6s-Fuchs Theorem

The circle problem

The basic estimates

The Hardy Identity

Landau’s proofs of the basic estimates
Improvements of the O-estimates
Hardy’s method of Q-estimates

A historical outline of the development of the circle

problem

Domains with Lamé’s curves of boundary
The basic estimates

The secons main term

Improvement of the O-estimate

The Q-estimate

Chapter 4. Many-dimensional additive problems

4.1.
42.

4.2.1.
4.2.2.
4.23.
424,

Notes on Chapter 4

Lattice points in spheres

Lattice points in generalized spheres
Preliminaries

The basic estimate

The three-dimensional case

The Q-estimate

Chapter 5. Plane multiplicative problems

5.1.
5.2

5.2.1.
5.2.2.
5.2.3.
5.24.

5.3.

5.3.1.

The basic estimates

The representation problem

An integral representation

Representations by infinite series

The Voronoi Identity

The Q-estimate

Improvements of the O-estimates

Estimates by means of van der Corput’s method

108

109
109

113
117
123
123
124
128
131
139

141

142
142
144
149
152
156

157

157
166
166
168
182
189

194

195

196

199
200
203
208
216
220
221



53.2.
5.4.

Notes on Chapter 5

Contents

Estimates by means of double exponential sums
A historical outline of the development of Dirichlet’s
divisor problem

Chapter 6. Many-dimensional multiplicative problems

6.1.

6.1.1.
6.1.2.
6.1.3.
6.1.4.
6.1.5.
6.1.6.
6.1.7.

6.2.

6.2.1.
6.2.2.
6.2.3.

Notes on Chapter 6

The three-dimensional problem

The basic formula

Estimates by means of van der Corput’s method I
Estimates by means of van der Corput’s method II
Estimates by means of Titchmarsh’s method

Estimates by transformation of double exponential sums
The divisor problem of Piltz

A historical outline of the development of Piltz’s divisor
problem forp = 3

Many-dimensional problems

O-estimates

The Q-estimates

A historical outline of the development of Piltz’s divisor
problem forp Z 4

Chapter 7. Some applications to special multiplicative problems

7.1

7.1.1.
7.1.2.
7.1.3.
7.1.4.
7.2.

7.2.1.
7.2.2.

Notes on Chapter 7

References
Index of Names

Subject Index

Powerful numbers

The number of powerful integers

A historical outline of the development of the problem
Square-full and cube-full numbers

The number of powerful divisors

Finite Abelian groups

The average order of a(n)

The distribution of values of a(n)

225

228
230

231

232
234
240
242
245
248
251

257

258,
258
268

273
275

276

276
278
282
284
291
293
294
297

303
304
317

319



