TABLE OF CONTENTS

FOREWORD vii
CONVENTIONS (NOTATIONS, PREREQUISITES) ix

PART 1: DIFFERENTIABILITY

Chapter 1 : VECTOR MAPPINGS

1.1 Conventions and notations 3
1.2 Visualizing vector mappings 4
1.3 Differentiability at a point 8
1.4 Tangent linear maps 11
1.5 Examples of surfaces 12
1.6 More examples 17
Chapter 2 : PARAMETERIZED CURVES
2.1 Tangent vector : velocity 19
2.2 Rectifiable curves 22
2.3 Curves in matrix groups 249
2.4 Serret-Frenet formulas for curves in R° 27
2.5 Generalization of the Serret-Frenet formulas in R" 30
2.6 Review of formulas for the cross product in R 32
Chapter 3 : LINEAR DIFFERENTIAL SYSTEMS
3.1 Introduction : the notion of differential equation 33
3.2 Linear homogeneous equations 36
3.3 Determination of the evolution operator 39
3.4 Non homogeneous equation 43
3.5 Constant coefficients case 44
3.6 An example 46
3.7 Complex solutions 49
Chapter 4 : HIGHER ORDER DIFFERENTIAL SYSTEMS
4.1 Reduction of the order 53
4.2 The linear equation of order n 55
4.3 The Wronski determinant 59
4.4 Use of particular solutions 63

Table - 1



xii

Chapter 5 : SCALAR FIELDS : THE GRADIENT

5.1 Directional derivatives 65
5.2 Smoothness condition 68
5.3 Level curves and surfaces 70
5.4 Fundamental theorem of calculus 71
5.5 Conditional extrema 73
5.6 An application 75

Chapter 6 : JACOBIANS

6.1 Matrix form of derivatives 77
6.2 Derivatives of composite vector maps 78
6.3 Jacobian determinants 79
6.4 Inversion : necessary condition 80
6.5 Local inversion theorem 81

Chapter 7 : SECOND ORDER DERIVATIVES

7.1 Iteration of partial derivatives 85
7.2 The Frobenius theorem 87
7.3 Hessian of a scalar field 89
7.4 Limited expansions of the second order 90
7.5 Second order discussion of extrema 91
7.6 Second order discussion for conditional
extrema 93
7.7 The Laplace operator 94
7.8 Non degenerate critical points 94
Chapter 8 : VECTOR FIELDS IN THE USUAL PHYSICAL SPACE [R:3
8.1 Jacobian of a vector field in R° 97
8.2 The derivation operator del {nabla) 100
8.3 Properties of differential operators 102
8.4 Iteration of the del operator 104
8.5 Potentials : definitions 106
8.6 Potentials : existence 107
8.7 Potentials : uniqueness 110

Chapter 9 : CURVILINEAR COORDINATES

9.1 Oblique bases in Euclidean spaces 11
9.2 Covariant components and the gradient 113
9.3 Change of basis 115
9.4 Curvilinear coordinates : terminology 117
9.5 An example 119
9.6 Comments for users 121

Chapter 10 : PHYSICAL APPLICATIONS

10.1 Electromagnetic potentials 25
10.2 The non homogeneous Maxwell equations 127
10.3 Introduction to the dynamic of fluids 129
10.4 Special fields 130

Table - 2



x1ii

PART II:INTEGRATION OF
DIFFERENTIAL FORMS

Chapter 11 : EXTERIOR DIFFERENTIAL FORMS

11.1 Change of variables in double integrals 135
11.2 Exterior differentials in R" 136
11.3 Exterior product in QR") 139
11.4 Exterior differentiation 140
11.5 Poincaré theorem 142

Chapter 12 : STOKES’ FORMULA

12.1 Oriented pieces in R" and their boundaries 147
12.2 Integration of forms on oriented pieces 152
12.3 Stokes’ formula : examples 153
12.4 Back to the del _?per‘ator 155
12.5 Area element do 157
12.6 Application to Archimedes pressure 163
12.7 An example 165

Chapter 13 : INTRODUCTION TO FUNCTIONS OF A
COMPLEX VARIABLE

13.1 Complex numbers and functions 169
13.2 Complex differentiability 170
13.3 Holomorphic functions 174
13.4 Theoretical applications of Cauchy’s theorem 177
13.5 Practical applications of Cauchy’s theorem 178
13.6 The complex logarithm : a paradox 181

Chapter 14 : APPLICATIONS OF INTEGRATION

14.1 Two easy lemmas 185
14.2 Differential operators in curvilinear coordinates 186
14.3 The Green-Riemann formula 188
14.4 Calculus of variations : the simplest case 190
14.5 Calculus of variations : the general case 192
14.6 A typical example 194

Table - 3



xiv

PART III: FUNCTION SPACES

Chapter 15 : UNIFORM CONVERGENCE : THEORY

15.1 Simple convergence 199
15.2 Uniform convergence 200
15.3 Approximation of the square root 203
15.4 Algebras of continuous functions 206
15.5 The Stone-Weierstrass theorem 209
15.6 Applications 21

Chapter 16 : UNIFORM CONVERGENCE : PRACTICE

16.1 Criteria for normal convergence 215

16.2 Abel’s test for uniform convergence 219

16.3 Abel’s transformation : continuous case 222

16.4 Differentiation of series 224

16.5 Parametric integrals 226
o .

16.6 Computation of J SIQX dx 227
0

Chapter 17 : INTRODUCTION TO HILBERT SPACES

17.1 Scalar products and norms 231
17.2 Pythagoras theorem 233
17.3 Orthonormal bases in finite dimension 234
17.4 Best approximation theorem 236
17.5 Classical inequalities 237
17.6 Square summable functions 240

Chapter 18 : SYSTEMS OF POLYNOMIALS

18.1 General notions (recurrence relations) 243
18.2 Zeros of orthogonal systems 245
18.3 Gaussian quadrature 246
18.4 Classical densities 248
18.5 Rodrigues’ formula 249
18.6 Legendre polynomials 250
18.7 Tchebycheff polynomials 251
18.8 Table for classical polynomials 254

Chapter 19 : INTRODUCTION TO LP-sPACES

19.1 Hoélder inequality 255
19.2 Minkowski’s inequality 258
19.3 Negligible sets 259
19.4 Classes of functions (for = a.e.) 261
19.5 Completed spaces LP(I) 262
19.6 Variation of II‘IIp with p 263

Table - 4



PART IV: FOURIER SERIES

Chapter 20 : TRIGONOMETRIC SERIES AND
PERIODIC FUNCTIONS

20.1 Trigonometric and exponential form
20.2 Absolute convergence

20.3 Application of Abel’s criterium

20.4 Periodic functions and their mean value

20.5 Behavior of the Fourier sequence for f € e"

20.6 First convergence result
Chapter 21 : APPLICATIONS

21.1 Expansion of cosax and Eulerian formula
for cotx

21.2 Application to the integral of sinx/x

21.3 Zeta values

21.4 Fourier series of polygons

21.5 A fractal curve

Chapter 22 : FINER CONVERGENCE RESULTS

22.1 Dirichlet’s convergence theorem

22.2 Fejer’s result

22.3 Back to uniform approximation

22.4 Summation filters

22.5 Convolution

22.6 A glimpse of the Fourier transformation

Chapter 23 : CONVERGENCE IN QUADRATIC MEAN

23.1 Orthonormal system of exponentials
23.2 Convergence in quadratic mean
23.3 Fisher-Riesz isomorphism

23.4 Back to Y sinkt/k and ¥ coskt/k
23.5 Another uniform convergence result

23.6 Interpretation of } k[ck|2

23.7 Kotelnikov-Shanon theorem
Chapter 24 : HISTORICAL APPLICATIONS

24.1 Euler and periodic functions

24.2 Fourier and the heat equation

24.3 Fourier coefficients according to Fourier
24.4 Bessel’s solution to Kepler’s problem
24.5 Hurwitz and the isoperimetric inequality

269
270
270
271

274
274

278

281
284

285
288
289
290
292
294

297
298
299
300
302

302
303

305
307
308
31

314

Table - 5



APPENDIX A : CONVERGENCE, DEFINITIONS AND RESULTS

A.1 Numerical sequences

A.2 Sequences of functions

A.3 Convergence of improper integrals

A.4 Variations on the same theme

A.5 A few important convergence theorems
A.6 Complements

APPENDIX B : S A' S PROGRAMS FOR A FEW FIGURES

B.1 Graph of the surface V|xy|

B.2 Fourier series of the pentagon
B.3 Fourier series of the snowflake
B.4 Gibbs phenomenon

EXERCISES
Part 1
Part 11

Part 1II
Part IV

BIBLIOGRAPHY

INDEKX

A to Z
Main theorems
The Rachette bust of Euler

317
318
320
321
323
325

327
328
329
330

331

343
347
353

357

359

364
365

Table - 6



