TABLE OF CONTENTS

Chapter 0. Introduction .

Chapter
1.1.
1.2.
1.3.
1.4.
1.5.

1. Projective geometry

The classic projective plane

Advantages of projective geometry
Drawbacks of classical projective geometry
Oriented projective geometry

Related work

Chapter 2. Oriented projective spaces .

2.1.
2.2.

Models of two-sided space
Central projection

Chapter 3. Flats

3.1.
3.2
3.3.
3.4.

3.5.
3.6.
3.7.

Definition
Points

Lines

Planes
Three-spaces .
Ranks

Incidence and mdependence

Chapter 4. Simplices and orientation . . . . . . .

4.1.
4.2.
4.3.

4.4.

Simplices

Simplex equivalence

Point location relative to a sxmplex .
The vector space model

Chapter 5. The join operation

5.1.
5.2.
5.3.
5.4.
5.5.
5.6.

The join of two points

The join of a point and a line

The join of two arbitrary flats

Properties of join .

Null objects .

Complementary flats . . . . . . . . . .

Chapter 6. The meet operation . .

6.1.
6.2.
6.3.
6.4.

The meeting point of two lines .

The general meet operation

Meet in three dimensions . . . . . . . .
Properties of meet

S W W

—_— =
-0 ™

13
16

19
19
19
20
23
26
27
27

29
29
30
34
37
39
39
41
42
43

45
47
47
49
51
53



vi

Chapter 7. Relative orientation . . . . . -
7.1. The twosidesof aline . . . . . .
7.2. Relative position of arbitrary flats
7.3. The separation theorem . . . . .
7.4. The coefficients of a hyperplane

Chapter 8. Projective maps . . . . . . .
8.1. Formal definition .

8.2. Examples . . . . . . . . Ce

CONTENTS

8.3. Properties of projective maps . . . . . . . . . . ..

8.4. The matrixof amap . . . . . . .

Chapter 9. General two-sided spaces
9.1. Formal definition . . . . .

9.2. Subspaces . . . . . . . . e e e e e

Chapter 10. Duality . . . . . . . . . ..
10.1. Duomorphisms . . . . . . . .
10.2. The polar complement . . . . . .
10.3. Polar complements as duomorphisms
10.4. Relative polar complements . .
10.5. General duomorphisms .

10.6. The power of duality

Chapter 11. Generalized projective maps
11.1. Projective functions
11.2. Computer representation . . .

Chapter 12. Projective frames . . . . .
12.1. Nature of projective frames . .
12.2. Classification of frames .

12.3. Standard frames ..
12.4. Coordinates relative to a frame

Chapter 13. Cross ratio . . . . . . . . . .
13.1. Cross ratio in unorlented geometry
13.2. Cross ratio in the oriented framework

Chapter 14. Convexity e
14.1. Convexity in classical prolectlve space

14.2. Convexity in oriented projective spaces . .

14.3. Properties of convex sets
14.4. The half-space property

59
59
60
64
66

67
68
70
72
73

7
7
78

83
83
85
89
91
92
93

95
95

101

14.5. The convex hull . . . . . .

14.6. Convexity and duality

107
107
110
113
120
123
123
126
131
131
132
134
138
141
143



CONTENTS vil

Chapter 15. Affine geometry . . . . . . . . . . . . ..o ... 151
15.1. The Cartesian connection . . . . . . . . . . . . . . . .. 151
15.2. Two-sided affine spaces . . . . . . . . . . . . . . . ... 153

Chapter 16. Vector algebra . . . . . . . . . . . ... 167
16.1. Two-sided vector spaces . . . . . . . . . . . . . . . ... 167
16.2. Translations . . . . . . . . . . . . . ... 168
16.3. Vector algebra . . . . . . . . . . .. ..o 168
16.4. The two-sided real line . . . . . . . . . . . . . . . .. .. 171
16.5. Linear maps . . . . . . . . . . . . ... 171

Chapter 17. Euclidean geometry on the two-sided plane . . . . . . . . . 173
17.1. Perpendicularity . . . . . . . . . . . .. L. 173
17.2. Two-sided Euclidean spaces . . . . . . . . . . . . . . .. 177
17.3. BEuclidean maps . . . . . . . . . . . . . ..o . 178
17.4. Length and distance . . . . . . . . . . .. .. 183
17.5. Angular measure and congruence . . . . . . . . . . . . . . 187
17.6. Non-Euclidean geometries . . . . . . . . . . . . . . ... 189

Chapter 18. Representing flats by simplices . . . . . . . . . . . . .. 191
18.1. The simplex representation . . . . . . . . . . . . . . ... 191
18.2. The dual simplex representation . . . . . . . . . . . . . .. 193
18.3. The reduced simplex representation . . . . . . . . . . . .. 195

Chapter 19. Plicker coordinates . . . . . . . . . . . . . . . .. .. 197
19.2. The canonical embedding . . . . . . . . . . . . .. ... 202
19.3. Plicker coefficients . . . . . . . . . . .. ..o 203
19.4. Storage efficiency . . . . . . . . . ..o 204
19.5. The Grassmann manifolds . . . . . . . . . . . . . . . .. 204

Chapter 20. Formulas for Plicker coordinates . . . . . . . . . . . .. 207
20.1. Algebraic formulas . . . . . e e e e e 207
20.2. Formulas for computers . . . . . . . . . .. L 212
20.3. Projective maps in Pliicker coordinates . . . . . . . . . . .. 217
20.4. Directions and parallelism . . . . . . . . ... ... 221

References . . . . . . . . . . . . . . .o 223

List of symbols . . . . . . . . . . . . . ..o 225

Index . . . . . . . e e e e e 227



