Contents

Editor’s Foreword . . . . . . . . . v
Preface . . . . . . . . . . . vi
Introduction . . . . . . . . . . Xl

PART 1I: Theory

1 Elements of Potential Theory

1.1 Discrete distribution of simple sources 3
1.2 Volume distribution of simple sources 5
1.3 Surface distribution of simple sources 6
1.4 Surface distribution of double sources 9
1.5 Flux of normal derivatives 13
1.6 Vortices 16
2 Representation of Harmonic Functions by Potentials
2.1 Fundamental existence-uniqueness theorems . . .18
2.2 Boundary-value problems . . . . . .20
2.3 Electrostatic capacitance . . . . . .21
2.4 Neumann problems . . . .24
2.5 Dirichlet problems: simple -layer formulatlon . . .29
2.6 Dirichlet problems: double-layer formulation . . .32
3 Green's Formuia
3.1 Introduction . . . . 34
3.2 Green’s boundary formula mterlor problems . .3
3.3 Green’s boundary formula: exterior problems . . .40
3.4 Arbitrariness in Green’s formula . . . . .41
3.5 Non-uniqueness of solutions . . . . . .43

3.6 Liouville’s theorem . . . . . . . 46



Contents

Two-Dimensional Potential Theory

4.1 The logarithmic potential . . . . . .47
4.2 T-Contours. . . . . .52
4.3 Two-dimensional Dlrlchlet problem . . . .54
4.4 Two-dimensional Green’s formula . . . . .57
4.5 Conformal mapping . . . . . .59

Vector Potential Theory

5.1 Introduction . . . . . . 64
5.2 Fundamental dlsplacement dyadxc . . . . . 67
5.3 Fundamental traction dyadics . . . . .69
5.4 Vector potentials . . . . . . . .1

Somigliana’s Formula

6.1 Asymptotic behaviour of vector potentials . . .75
6.2 Betti-Somigliana formula: component form . . .19
6.3 Betti-Somigliana formula: vector form . . . .81
6.4 Arbitrariness in Somigliana’s formula . . . . 83

Vector Boundary Integral Equations

7.1 Fundamental existence-uniqueness theorems . . . 87
7.2 Rigid-body displacements . . . . 89
7.3 Representation by vector simple-layer potentlals . .09
7.4 Representation by vector double-layer potentials . . 94
7.5 Representation by Somigliana’s formula . . . . 96

Isotropic Elasticity: Displacement Representations

8.1 Papkovich-Neuber representation . . . . .99
8.2 Kelvin solution . . . . . . . . 103
8.3 Biharmonic analysis . . . . . . 105
8.4 Two-dimensional biharmonic analy51s . . . . 109

Isotropic Elasticity: Two-Dimensional Theory

9.1 Two-dimensional elastic systems . . . . . 114
9.2 Bending of thin plates . . . . . 118
9.3 Stretching of thin plates: traction problems . . . 120

9.4 Stretching of thin plates: displacement problems . .o122



10

1"

12

13

14

Contents

PART II: Applications
General Numerical Formulation

10.1 Introduction

10.2 Basic approximations

10.3 Solution of the integral equatlons

10.4 Solution of simultaneous linear algebraic equanons
10.5 Generation of potentials and of their derivatives
10.6 Error estimation

Two-Dimensional Numerical Analysis

11.1 Boundary subdivision

11.2 The kernel functions .

11.3 Straight-line integration formulae .
11.4 Straight-line integration formulae: special cases
11.5 Further analytic integrations

11.6 Numerical quadrature

11.7 Conjugate harmonic functions

Solution of Dirichlet Problems

12.1 Methods used .

12.2 A simple example
12.3 Corner singularities .
12.4 Conformal mapping .
12.5 Error bounds

12.6 Poisson’s equation
12.7 A practical problem .

Solution of Neumann Problems

13.1 General formulation .

13.2 Methods for interior problems
13.3 The homogeneous problem
13.4 The general interior problem
13.5 Methods for exterior problems
13.6 Flow past an obstacle

Applications of Green's Boundary Formula

14.1 Introduction and methods .
142 A heat conduction problem
14.3 Torsion problems

xi

129
130
131
132
138
141

143
145
147
149
151
153
155

158
161
164
167
169
171
172

175
176
178
180
183
184

190
192
197



xii

14.4
14.5

Contents

Mixed boundary-value problems .
Treatment of singularities .

15 Biharmonic Problems

15.1
15.2
15.3
15.4

Introduction

Traction problems
Multiply-connected domains
Plate bending problems

16 Three-Dimensional Numerical Analysis

16.1 Surface subdivision

16.2 Integration formulae .

16.3 Electrostatic capacitance

164 Flow past an obstacle .

16.5 Problems with rotational symmetry
Appendices

A.1 Note on Liapunov and Kellogg regular surfaces

A.2 Holder continuity .

A.3  Uniqueness of solutions for a dlelectrlc system

A.4 Poisson’s integral .

A.5 Hilbert’s integral formula .

A.6  Singular elastostatic displacements

A.7 Strain-energy density.

A.8 Onafirst-order differential equatlon satlsﬁed by harmomc

functions .

A.9 Rayleigh-Green 1dent1ty

References

Index

201
205

213
216
224
229

233
233
235
238
242

251
253
254
258
261
265
267

269
271

273
283



