Table of Contents

List of Mathematical Symbols . . . . . . . . . . . . ... .. .. . 1
Chapter 1. The Various Forms of the Differential Equation for the Confluent
Hypergeometric Function and the Definitions of their Solutions . . . . 1
Section 1. Kummer's Differential Equation and its Solutions . . . . . . . 1
1.1 The Origin of Kummer’s Differential Equation as the Result of Con-
fluemce . . . . . ... 1
1.2 The Solution of Kummer’s Differential Equation at the Origin. . . 3
1.3 The Analyticity of the Kummer Function and its Most Important
Properties . . . . . . . . . ... ... ... ... ... 5
1.4 Simple Integral Representations for the Kummer Function . . . . 7
Section 2. Whittaker’s Differential Equation and its Solutions . . . . . . 9
2.1 Whittaker's Differential Equation and the Definition of the Function
M, .2(2) asits Solution at the Origin . . . . . . . . . . . .. 9
22 The Function .4, ,,(z) in Simple Special Cases . . . . . . . . . 12
2.3 Simple Integral Representations for M2 .0 13
2.3a The Simple Power Series for M.  u2(2) and a Related Integral Repre-
sentation . . . . . . ... L 17
2.4 The Whittaker Function Wew2@do o o 0 0 19
2.5 The Function W, , ,(z) and the Fundamental System of Solutions of
Whittaker’s Differential Equation for Integral Values of p=m. .. 20
2.6 The Function W, ,,(z) in Simple Special Cases . . . . . . . ., . 23
2.7 The Wronskian for the Various Pairs of Solutions of Whittakers
Differential Equation . . . . . . . . . . . . 25
2.8 The Circuital Relations for the Solutions of Whittaker's Differential
Equation . . . . . . .. ... ... 26
2.9 The Behaviour of the Functions M, m2(2) and W, 1(z) and their
First Derivatives in the Immediate Neighbourhoodof the Origin . . 28

2.10 The Nature of the Functions M, ,2(2) and W, ,,(z) for Complex

Valuesof zandxbutReal o . . . . . . . . . . . 28
Section 3. Related Differential Equations; Parabolic Cylinder Functions;
Higher Derivatives . . . . . . . ..~ 32

3.1 Differential Equations Reducible to Whittaker’s Differential Equa-
tion. . . ... 32

3.2 An Inhomogencous Differential Equation Related to Whittaker’s

Differential Equation . . . . . . . . . 37
3.3 The Parabolic Cylinder Functions. . . . . . . . . . . . .| 39
34 The Wronskian of the Various Fundamental Systems of Solutions
of Weber’s Differential Equation. . . . . . . . . . . . . 43
35 Eh(e)Simplest Integral Representations for the Functions D,(z) and
web 43

3.6 Formulae for the Higher Derivatives of the Two Whittaker Functions 46



Table of Contents XIII

Section 4. Parabolic and Parabolic Cylinder Functions as Particular Solu-
tions of the Wave Equation in the Corresponding Coordinate System 49
4.1 Parabolic Coordinates and the Appropriate Form of the Wave

Equation . . . . . . . . ... ... ... 50

4.2 The Solutions of the Separated Wave Equation in Terms of Para-
bolic Functions . . . . . . . . . . ... ... . ..., 52

4.3 Parabolic Cylindrical Coordinates and the Appropriate Form of the
Wave Equation . . . . . . . . ... ... ... ... 54

4.4 The Solutions of the Separated Wave Equation in Terms of Parabolic
Cylinder Functions . . . . . . . . . . ... .. ... .. . 57

Chapter I1. General Integral Representations of Parabolic Functions and of
their Products . . . . . . . . .. .. ... 59
Section 5. Integral Representations of Simple Parabolic Functions . . . . 59
5.1 Integrals with Double-Branched Binomial Kernel . . . . . . . . 59
5.2 Integrals with the Irregular Singular Kernel exp(—z/2 tanhv) . . . 67
5.3 Complex Integrals Based on the Hankel Integral . . . . . . . . 72
54 MellinIntegrals . . . . . . .. ... . ... ... .... 75

5.5 Integral Representations for the Function W, .2(2) with Arbitrary
Parameters . . . . . . . ... ... ... 77

5.6 Use of Integral Representations in the Derivation of Recursion
Formula. . . . . . . .. ... ... 80
Section 6. Integral Representations for Products of Two Parabolic Functions 82
6.1 The Simplest Forms of these Integrals . . . . . . . . . . . . . 82
Chapter 111. The Asymptotic Behaviour of the Parabolic Functions . . . . 90
Section 7. The Asymptotic Behaviour for Large z, porx . . . . . . . . 90
71 ASymptotic Behaviour with Respecttoz . . . . . . . . . . . . N

7.2 Asymptotic Behaviour with Respectto u for Values of x Indepeadent
of . . ., 93
7.3 Asymptotic Behaviour of the Function .4, ;.. w2 95
7.4 Asymptotic Behaviour with Respecttos . . . . . . . . . . . . 95
Section 8. The Asymptotic Behaviour for Large Valuesof zand» . . . . 101
8.1 The Method of Saddle Points. . . . . . . . . . . . .. ... 101
8.2 The Method of Langer. . . . . . . . . . . . . ... . ... 110

Chapter IV. Indefinite and Definite Integrals Involving Parabolic Functions
and Some Infinite Series . . . . . . . . . .. ... ..., 112
Section 9. Indefinite Integrals Involving Parabolic Functions . . . . . . 112

9.1 Indefinite Integrals Involving the Product of Two Parabolic Func-
tions . . . ... L Ll e 112
92 Examples . . . . . . ... ..o 114
Section 10. The Laplace Transform of Parabolic Functions . . . . . . . 118
10.1 Laplace and Mellin Transforms of the Function .4, ,,{(z). . . . . 118
10.2 Laplace and Mellin Transforms of the Function W, (). . . . . 120

Section 11. Various Further Integrals Involving Parabolic Functions and
Some Infinite Series . . . . . . . . . . ... ... ... ... 124
11.1 Stieltjes and Hankel Integrals. . . . . . . . . . . . . . . . . 124
11.2 Addition Theorem of Parameters for the Function #, ,,(z) . . . 128

11.3 A General Procedure for Deriving an Infinite Series Using the
Functions A, ,;5.,(z) . . . . . . . . . . ... 129



X1v Table of Contents

11.4 An Infinite Series for .#, ,,{(z) in Terms of Half-Integral Bessel

Functions . . . . . . . . ... ... 132
Chapter V. Polynomials Related to the Parabolic Functions and Infinite
Series Based on these Polynomials . . . . . . . . . . .. .. .. 135
Section 12. Series and Integrals Involving Laguerre Polynomials . . . . . 135
12.1 Recapitulation and Supplementary Formulae . . . . . . . . . . 135
12.2 Series and Integrals Involving Laguerre Polynomials. . . . . . . 138
Section 13. Series and Integrals Involving Hermite Polynomials . . . . . 145
13.1 Recapitulation and Supplementary Formulae . . . . . . . . . . 145
13.2 Series and Integrals Involving Hermite Polynomials . . . . . . . 147
Section 14. Other Special Polynomials and Functions . . . . . . . . . 151
14.1 Charlier’s Polynomials. . . . . . . . . . . . . . . . ... . 151
14.2 Bateman’s k-Function . . . . . . . . . . . . . .. ... .. 152
14.3 The Generalized Neumann Polynomiat . . . . . . . . . . . | 154
14.4 The Sonine Polynomials . . . . . . . . . . . . . . . .. . . 155

Chapter V1. Integrals Depending on Parameters in the Relations for the
Various Types of Physical Waves Expressed in Parabolic Coordinates 156

Section 15. Integrals with Respect to the First Parameter of Two and Four

Parabolic Functions . . . . . . . . . ... . .. .. ... .. 156
15.1 The Basic Series and the Integrals of .#-Functions., . . . . . . . 156

152 A Second Basic Series and Integrals of Products of - and W-
Functions and of W-Functions Alone . . . . . . . . . . . . . 161

Section 16. Integral Representations for the Various Types of Waves in
Mathematical Physics . . . . . . . . . . . .. .. .. ... .. 166
16.1 Introductory Remarks. . . . . . . . . . . . . . . ... .. 166
16.2 The Various Types of Waves in Parabolic Coordinates . . . . . . 167
a) The Cylindrical Wave . . . . . . . . . . . . . . . . . . . 168
b)The PlaneWave . . . . . . . . . . . . .. . . . ... . 169
¢) The Stationary and the Travelling Tesseral Spherical Wave . . . 169

d) The Ordinary, Travelling Spherical Wave from an Arbitrarily
Located Source . . . . . .. .. .. ... ... ... . 17
16.3 The Various Types of Waves in Parabolic Cylindrical Coordinates . 172
a)The PlaneWave . . . . . . . . . .. . . . . . .. .. 172

b) Outgoing and Stationary Sectorial Cylindrical Waves from a
Line Source on the Focal Line . . . . . . . . . .. .. . . 174

¢) Outgoing Axially Symmetric Cylindrical Waves from a Line
Source Parallel to the Focal Line . . . . . . . . .. .. . . 175

d) The Ordinary Travelling Spherical Wave from an Arbitrarily

Located Source . . . . . . . . . ... ... ... . .. 178

Chapter VII. Zeros and Eigenvalues . . . . . . . . . . . . . . .. .. 179

Section 17. The Zeros of the Function Moy22) . oL 179

17.1 The Zeros of #, ,,(z) with Respecttoz . . . . . . . . . . . . 179

17.2 The Zeros of #,, ,,(z) with Respecttos . . . . . . . . . . .. 185

17.3 The Zeros of W, ,,(z) with Respecttoz . . . . . . . . . . . 7188

Section 18. Eigenvalue Problems Involving Parabolic Functions . . . . . 189
18.1 The Characteristic Vibrations of a Stretched String Having Para-

bolic Specific Mass Distribution . . . . . . . . . . . . . . 189



Table of Contents XV

18.2 The Green’s Function of the First Boundary Value Problem with
Homogeneous Boundary Conditions: Waves in a Space Bounded by

Confocal Paraboloids of Revolution . . . . . . . . . . . .. 193
a) Requirements to be Satisfied by the Green’s Function of the First
and SecondKind. . . . . . . .. ..., 194
b) The Three-Dimensional Green’s Function for the First Boundary
Value Problem with Homogeneous Boundary Conditions . . . 197
¢) Expansions in Terms of Eigenfunctions for the Green’s Functions
G, and G, in the Special Case;=0. . . . . . . . . . . .. 200
d) The Series Expansion of G, in Terms of Laguerre Polynomials . 201
18.3 Expansion of an Arbitrary Function in Terms of Eigenfunctions . . 203
Appendix 1. Summary of Special Cases of the Parabolic Functions .#, ,,(z)
and W, ,,(@. . . . ... 207
A. Transcendental Function . . . . . . . . . . . ... .. ... 207
B.Polynomials. . . . . . . .. .. . ... ... ... .. 214
Appendix II. References . . . . . . . . . . . .. .. ... ... 215

SubjectIndex . . . . . . . . ... L. 233



