Table of contents

Preface
List of symbols
Introduction

I. Banach’s fixed-point theorem
§1 Metric spaces . .
§2 Banach’s fixed-point theorem
§3 Some applications of Banach’s fixed- pomt theorem

II. Normed spaces
§4 Vector spaces .
§5 Linear maps
§6 Normed spaces .
§7 Continuous linear maps .
§8 The Neumann series .
§9 Normed algebras .
§10 Finite-dimensional normed spaces .
§11 The Neumann series in non-complete normed spaces
§12 The completion of metric and normed spaces .
§13 Compact operators

III. Bilinear systems and conjugate operators
§14 Bilinear systems
§15 Dual systems .
§16 Conjugate operators .
§17 The equation (/ — K)x =y w1th ﬁmte dlmensmnal K
§18 The equation (R — S)x =y with a bijective R and
finite-dimensional S

§19 The Fredholm integral equation W1th contmuous kernel .

§20 Quotient spaces
§21 The quotient norm
§22 Quotient algebras .

X1

Vil

XV

15
17

24
29
33
41
46
51
55
60
65
69

75
78
83
90

95
98
100
103
105



xil

VI.

VIIL.

Fredholm operators

§23
§24
§25
§26
§27

Operators with finite deficiency .

Fredholm operators on normed spaces .

Fredholm operators in saturated operator algebras
Representation theorems for Fredholm operators .
The equation Ax = y with a Fredholm operator 4

Four principles of functional analysis and some applications

§28
§29
§30

§31
§32

§33
§34

§35
§36
§37

The extension principle of Hahn-Banach

Normal solvability .

The normal solvability of the operators I — K W1th
compact K . .

The Baire category prrncrple

The open mapping principle and the closed graph
theorem e
The principle of unrform boundedness .

Some applications of the principles of functronal
analysis to analysis

Analytic representation of contmuous 11near forms
Operators with closed image space .

Fredholm operators on Banach spaces .

The Riesz—Schauder theory of compact operators

§38
§39
§40
§41
§42
§43

Operators with finite chains .

Chain-finite Fredholm operators

The Riesz theory of compact operators .

The bidual of a normed space. Reflexivity .

The dual transformation of a compact operator
Singular values and eigenvalues of a compact operator

Spectral theory in Banach spaces and Banach algebras

§44
§45
§46

§47
§48
§49
§50
§51
§52
§53
§54

The resolvent .

The spectrum .

Vector-valued holomorphrc functlons Weak
convergence

Power series in Banach algebras
The functional calculus

Spectral projectors .
Isolated points of the spectrum .
The Fredholm region .

Riesz operators

Essential spectra

Normaloid operators .

107
110
114
122
124

128

133

136
137

138
142

144
151
155
158

160
164
166
169
173
176

181
183

186
194
200
204
207
209
217
221
223



VIIIL

IX.

X.

XI.

Approximation problems in normed spaces

§55
§56
§57
§58
§59
§60
§61
§62

An approximation problem .

Strictly convex spaces .

Inner product spaces .

Orthogonality .

The Gauss approximation

The general approximation problem
Approximation in uniformly convex spaces
Approximation in reflexive spaces

Orthogonal decomposition in Hilbert spaces

§63
§64
§65
§66
§67

Orthogonal complements
Orthogonal series .
Orthonormal bases .
The dual of a Hilbert space .
The adjoint transformation .

Spectral theory in Hilbert spaces

§68
§69
§70
§71
§72
§73
§74
§75
§76
§77

§78
§79

Symmetric operators .

Orthogonal projectors

Normal operators and their spectra

Normal meromorphic operators.

Symmetric compact operators

The Sturm-Liouville eigenvalue problem

Wielandt operators .
Determination and estrmatron of ergenvalues .
General eigenvalue problems for differential operators
Preliminary remarks concerning the spectral theorem
for symmetric operators .

Functional calculus for symmetric operators

The spectral theorem for symmetric operators on
Hilbert spaces .

Topological vector spaces

§80
§81
§82
§83
§84
§85
§86
§87
§88
§89

Metric vector spaces .

Basic notions from topology .

The weak topology .

The concept of a topologlcal vector space Examples .

The neighborhoods of zero in topological vector spaces .

The generation of vector space topologies .
Subspaces, product spaces and quotient spaces
Continuous linear maps of topological vector spaces .
Finite-dimensional topological vector spaces
Fredholm operators on topological vector spaces .

Xiii

230
233
235
239
244
247
249
252

254
255
258
260
263

265
270
272
271
280
282
286
291
296

301
303

305

309
312
318
321
327
330
332
334
336
338



X1V

XII. Locally convex vector spaces
§90 Bases of neighborhoods of zero in locally convex vector

spaces . .. 340
§91 The generation of locally convex Iopologles by semi-

norms . . 342
§92 Subspaces, products dnd quotlems of locally convex

spaces . ... 345
§93 Normable locally convex spdces Bounded sets . . . 346

XIII. Duality and compactness

§94 The Hahn-Banach theorem . . 349
§95 The topological characterization of normal solvablhty . 350
§96 Separation theorems . . e ] |
§97 Three applications to normed spaces .. . . . . 353
§98 Admissible topologies . . . . . . . . . . 355
§99 The bipolar theorem. . . .. . . 356
§100 Locally convex topologies are c-topologles ... . 358
§101 Compact sets . . - 10
§102 The Alaoglu- Bourbak1 theorem .o .. 363
§103 The characterization of the admissible topologles B
§104 Bounded sets in admissible topologies. . . . . . 365
§105 Barrelled spaces. Reflexivity . . . 367

§106 Convex, compact sets: The theorems of Krem Mllman
and Schauder . . . . . . . . . . . . 372

XIV. The representation of commutative Banach algebras

§107 Preliminary remarks on the representation problem . . 38l
§108 Multiplicative linear forms and maximal ideals . . . 384
§109 The Gelfand representation theorem . . . . . . 387
§110 The representation of commutative B*-algebras . . . 389
Bibliography . . . . . . . . . . . . . . . . . 393

Index . . . . . . . . . ... 4o



