CONTENTS

Those sections marked with “*” contain material of a rather specialized nature that may be
omitted on first reading.

CHAPTER 1. INTRODUCTION . . . . . . . . . . . . o v v vt 1
1.1. DEFINITION OF OPTIMIZATION PROBLEMS . . . . . . . . . . . . . ... 1
1.2. CLASSIFICATION OF OPTIMIZATION PROBLEMS . . . . . . . . . . . . .. 3
1.3. OVERVIEWOF TOPICS . . . . . . . . . . . . .« o v v v v v v v 5
CHAPTER 2. FUNDAMENTALS . . . . . . . . . . . . . . o oo 7
2.1. INTRODUCTION TO ERRORS IN NUMERICAL COMPUTATION . . . . . .. 7
2.1.1. Measurementof Error . . . . . . . . ... L0000 o 7
2.1.2. Number Representation on a Computer . . . . . . . . . . . . . . ... 8
21.3. Rounding Errors . . . . . . . . . . . . .00 e e e e e 9
2.1.4. Errors Incurred during Arithmetic Operations . . . . . . . . . . . . .. 11
2.1.5. Cancellation Error . . . . . . . . . . . .. ..o e 11
2.1.6. Accuracy in a Sequence of Calculations . . . . . . . . . . . . .. ... 13
2.1.7. Error Analysis of Algorithms . . . . . . . . . . . . . .00 L 13
Notes and Selected Bibliography for Section2.1 . . . . . . . . . . .. . . ... 14

2.2. INTRODUCTION TO NUMERICAL LINEAR ALGEBRA . . . . . . . . . . .. 14
2.2.1. Preliminaries . . . . . . . . . . . L L o e e e e 14
2211, Scalars . . . . . . . ..o e o e e e e e e 14

2.21.2. Vectors . . . . . . . . L Lo oL e e e e e e e e 14

2.2.1.3. Matrices . . . . . . . . L. oL L Lo e e e 15

2.2.1.4. Operations with vectors and matrices . . . . . . . . . . . . .. 16

2.2.1.5. Matrices with special structure . . . . . . . . . ..o 0L 18

22,2, Vector Spaces . . . . . . . v v e e e e e e e e e e e e e e 19
2.2.2.1. Linear combinations . . . . . . . . . . . . . ..o 19

2.2.2.2. Linear dependence and independence . . . . . . . . . . . . .. 20

2.2.2.3. Vector spaces; subspaces; basis . . . . . . . . . . ... o 21

2.224. Thenullspace . . . . . . . . . . . . oo 22

2.2.3. Linear Transformations . . . . . . . . . . . . . . . ... 23
2.2.3.1. Matrices as transformations . . . . . . . . . . . ... 23

2.2.3.2. Properties of linear transformations . . . . . . . . . . . . . .. 23

2.233. Inverses . . . . . . . . . L w o e e e e e e e e e e 24

2.2.3.4. Eigenvalues; eigenvectors . . . . . . . . . . . .. ... 24

vii



Table of Contents

2.2.3.5. Definiteness . . . . . . . . . ..o 0oL L oL L oo o 25

2.24. Linear Equations . . . . . . . . . . . . o000 0oL 25
2.2.4.1. Properties of linear equations . . . . . . . . . ... .00 L. 25

2.2.4.2. Vector and matrixnorms . . . . . . . . . . . ..o 0. . 27

2.2.4.3. Perturbation theory; condition number . . . . . . . . . . . .. 28

2.2.4.4. Triangular linearsystems . . . . . . . . . . . . ... . ... 30

2.245. Erroranalysis . . . . . . . . . . . . . . o0 oo 31

2.2.5. Matrix Factorizations . . . . . . . . . . .. . ..o L. 32
2.2.5.1. The LU factorization; Gaussian elimipation . . . . . . . . . . . 33

2.2.5.2. The LDLT and Cholesky factorizations . . . . . . . . . . . . . 36

2.2.5.3. The QR factorization . . . . . . . . . . .. o 37

2.2.5.4. The spectral decomposition of a symmetric matrix . . . . . . . . 40

2.2.5.5. Singular-value decomposition . . . . . . . . . ... 0L oL L. 40

2.2.5.6. The pseudo-inverse . . . . . . . . . . . . . . ... 41

2.2.5.7. Updating matrix factorizations . . . . . . . . . . . . . . . .. 41

2.2.6. Multi-dimensional Geometry . . . . . . . . . . . .. 0oL ... .. . 43
Notes and Selected Bibliography for Section2.2 . . . . . . . . . . . .. .. .. 45

2.3. ELEMENTS OF MULTIVARIATE ANALYSIS . . . . . . . . . . ... .... 45
2.3.1. Functions of Many Variables; Contour Plots . . . . . . . . . . . . . .. 45
2.3.2. Continuous Functions and their Derivatives . . . . . . . . . . . . . .. 46
2.33. OrderNotation . . . . . . . . . . . . . . .. .. ... .... .. .52
2.34. Taylor’'s Theorem . . . . . . . . . . ¢ . v o v v v v v v v ot o 52
2.3.5. Finite-Difference Approximations to Denvatlves .............. 54
2.3.6. Rates of Convergence of Iterative Sequences . . . . . . . . . . . . . .. 56
Notes and Selected Bibliography for Section2.3 . . . . . . . . . . . .. .. .. 58
CHAPTER 3. OPTIMALITY CONDITIONS . . . . . . . . . . . . . . ... ... 59
3.1. CHARACTERIZATIONOF AMINIMUM . . . .. . .. . .. ... .....59
3.2. UNCONSTRAINED OPTIMIZATION . . . . . . . . . . . v v v v v v v .. 61
3.2.1. The Univariate Case . . . . . . . . . . . . . . . ... ... 61
3.2.2. The Multivariate Case . . . . . . . . . . . . . . . ... ... ... 63
3.2.3. Properties of Quadratic Funetions . . . . . . . . . . . ... ... .. 65

3.3. LINEARLY CONSTRAINED OPTIMIZATION . . . . . . . . . . . .. . ... 67
3.3.1. Linear Equality Constraints . . . . . . . . . . .. ... ... .... 68
3.3.2. Linear Inequality Constraints . . . . . . . . . . . . .. . . ... ... 71
3.3.2.1. General optimality conditions . . . . . . . . . . . . .. ... 71

3.3.2.2. Linear programming . . . . . . . . . . . . . . ... 75

3.3.2.3. Quadratic programming . . . . . . . . . . . .. ... ... 76

3.3.2.4. Optimization subjecttobounds . . . . . . . . . . . . ... .. 77

3.4. NONLINEARLY CONSTRAINED OPTIMIZATION . . . . . . . . . . . . ... 77
3.4.1. Nonlinear Equality Constraints . . . . . . . . . . . . . .. ... ... 78
3.4.2. Nonlinear Inequality Constraints . . . . . . . . . . . ... ... ... 81
Notes and Selected Bibliography for Section3.4 . . . . . . . . . . . ... ... 82

viii



Table of Contents

CHAPTER 4. UNCONSTRAINED METHODS . . . . . . . . . . . . .. .. ... 83
4.1. METHODS FOR UNIVARIATE FUNCTIONS . . . . . . . . . . .. .. ... 83
4.1.1. Finding a Zero of a Univariate Funetion . . . . . . . . . . . . . . ... 83
4.1.1.1. The method of bisection . . . . . . . . . . . . .. ... ... 84

41.1.2. Newton’smethod . . . . . . . . . . . . . . . ... ... .. 84

4.1.1.3. Secant and regula falsi methods . . . . . . . . . . ... ... 85

*4.1.1.4. Rational interpolation and higher-order methods . . . . . . . . . 87

4.1.1.5. Safeguarded zero-finding algorithms . . . . . . . . . . . . . .. 87

4.1.2. Univariate Minimization . . . . . . . . . . . . . . .. 0 88
4.1.2.1. Fibonaccisearch . . . . . . . . . . . . ... o0 89

4.1.2.2. Golden sectionsearch . . . . . . . . . . .. ..o oL 90

4.1.2.3. Polynomial interpolation . . . . . . . . . . . . . ... 91

4.1.2.4. Safeguarded polynomial interpolation . . . . . . . . . . . . .. 92

Notes and Selected Bibliography for Section4.1 . . . . . . . . . . . . . . ... 92

4.2. METHODS FOR MULTIVARIATE NON-SMOOTH FUNCTIONS . . . . . . . . . 93
4.2.1. Use of Function Comparison Methods . . . . . . . . . . . . .. . ... 93
4.2.2. The Polytope Algorithm . . . . . . . . . . . . .. ... 94
*4.2.3. Composite Non-Differentiable Funetions . . . . . . . . . . . . . . . .. 96
Notes and Selected Bibliography for Section4.2 . . . . . . . . . . . . . . . .. 98

4.3. METHODS FOR MULTIVARIATE SMOOTH FUNCTIONS . . . . . . . . . .. 99
4.3.1. A Model Algorithm for Smooth Functions . . . . . . . . . . . .. . .. 99
4.3.2. Convergence of the Model Algorithm . . . . . . . . . . . . . ... .. 99
4.3.2.1. Computing thesteplength . . . . . . . . . . . . ... ... 100

4.3.2.2, Computing the direction of search . . . . . . . . . . . . .. 102

Notes and Selected Bibliography for Seetion 4.3 . . . . . . . . . . . . . . .. 104

4.4. SECOND DERIVATIVEMETHODS . . . . . . . . . . . . ... ... 105
4.41. Newton’'sMethod . . . . . . . . . . . . . . . oo 105
4.4.2. Strategies for an Indefinite Hessian . . . . . . . . . . . . . . . ... 107
4.4.2.1. A method based on the spectral decomposition . . . . . . . . . 107

*4.4.2.2. Methods based on the Cholesky factorization . . . . . . . . . . 108

Notes and Selected Bibliography for Section4.4 . . . . . . . . . . . .. . .. 111

45. FIRST DERIVATIVE METHODS . . . . . .« . vt oo et e 115
4.5.1. Discrete Newton Methods . . . . . . . . . . .. .. .. ... ... 115
4.5.2. Quasi-Newton Methods . . . . . . . . . . . ... ... ... 116
4521, Theory . . . . . . . o o . .o e 116

4.5.2.2, Implementation . . . . . . . . . . . . . .. ... 122

*4.5.2.3. Convergence; least-change characterization . . . . . . . . . .. 123

Notes and Selected Bibliography for Section 4.5 . . . . . . . . . . .. . . .. 125

4.6. NON-DERIVATIVE METHODS FOR SMOOTH FUNCTIONS . . . . . . . .. 127
4.6.1. Finite-Difference Approximations to First Derivatives . . . . . . . . . . 127
4.6.1.1. Errors in a forward-difference approximation . . . . . . . . . . 127

4.6.1.2. Choice of the finite-difference interval . . . . . . . . . . . .. 128

4.6.1.3. Estimation of a set of finite-difference intervals . . . . . . . . . 129

4,6.1.4. The choice of finite-difference formulae . . . . . . . . . . . . 130

X



Table of Contents

4.6.2. Non-Derivative Quasi-Newton Methods . . . . . . . . . . . . . . .. 131
Notes and Selected Bibliography for Section4.6 . . . . . . . . . . . . . . .. 131
4.7. METHODSFORSUMSOF SQUARES . . . . . . . . . .« .« o .. 133
4.7.1. Origin of Least-Squares Problems; the Reason for Special Methods . . . . 133
47.2. The Gauss-Newton Method . . . . . . . . . . . . . . . . ... .. 134
4.7.3. The Levenberg-Marquardt Method . . . . . . . . . . . ... . . .. 136
*4.7.4. Quasi-Newton Approximations . . . . . . . . . . . . . . . . .. .. 137
*4.75. The Corrected Gauss-Newton Method . . . . . . . . . . . .. . ... 138
*4.7.6. Nonlinear Equations . . . . . . . . . . . . . . . .o 139
Notes and Selected Bibliography for Section 4.7 . . . . . . . . . . . . . . .. 140
4.8. METHODS FOR LARGE-SCALE PROBLEMS . . . . . . .. e 141
4.8.1. Sparse Discrete Newton Methods . . . . . . . . . . . . . . ... .. 141
*4.8.2. Sparse Quasi-Newton Methods . . . . . . . . . . .. e e e e 143
4.8.3. Conjugate-Gradient Methods . . . . . . . . . . . . . .. ... ... 144
4.8.3.1. Quadratic functions . . . . . . . . . . . .. oL oL L 144

4.8.3.2. The linear conjugate-gradient method . . . . . . . . . . . .. - 146

4.8.3.3. General nonlinear functions . . . . . . . . . .. ... L. 147

*4.8.3.4. Conjugate-gradient methods with restarts . . . . . . . . . . . 149
*4,8.3.5. Convergence . . . . . . - . . o 4 et e e e e e e e 149

*4.8.4. Limited-Memory Quasi-Newton Methods . . . . . . . . . . . . . .. 150
*4.8.5. Preconditioned Conjugate-Gradient Methods . . . . . . . . . . . . .. 151
*4,8.5.1. Quadratic functions . . . . . . . .. ..o o000 L. 151

, *¥4.85.2. Nonlinear funetions . . . . . . . . . . . .« . . ... ... 152
*48.6. Solving the Newton Equation by Linear Conjugate-Gradients . . . . . . 153
Notes and Selected Bibliography for Section 4.8 . . . . . . . . e e 153
CHAPTER 5. LINEAR CONSTRAINTS . . . . . . . . . . . . . . .. .. ... 155
5.1. METHODS FOR LINEAR EQUALITY CONSTRAINTS . . . . . . . . . . . : 155
5.1.1. The Formulation of Algorithms . . . . . . . . . . . . . . .. . ... 156
5.1.1.1. The effect of linear equality constraints . . . . . . . . . . .. 156

5.1.1.2. A model algorithm . . . . . . . . . .. .00 157

5.1.2. Computation of the Search Direction . . . . . . . . . . . . . . . .. 158
5.1.2.1. Methods of steepest deseent . . . . . . . . . . . .. .. .. 158

5.1.2.2. Second derivative methods . . . . . . . . . .. . ... 159

5.1.2.3. Discrete Newton methods . . . . . . . . . . . . .. .. .. 160

5.1.2.4. Quasi-Newtonmethods . . . . . . . . . . . . . . ... .. 160

5.1.2.5. Conjugate-gradient-related methods . . . . . . . . . . . . . . 161

5.1.3. Representation of the Null Space of the Constraints . . . . . . . . . . . 162
5.1.3.1. The L@ factorization . . . . . . . . . . . . . . ... ... 162

5.1.3.2. The variable-reduction technique . . . . . . . . . . . . . .. 163

5.1.4. Special Forms of the Objective Funetion . . . . . . . . . . . . . . .. 163
5.1.4.1. Linear objective function . . . . . . . . . . . .. ... .. 163

5.1.4.2. Quadratic objective function . . . . . . . . . . . .. .. .. 164

5.1.5. Lagrange Multiplier Estimates . . . . . . . . . . . . . . ... ... 164



Table of Contents

5.2.

5.3.

*5.4.

5.5.

5.6.

*5.7.

*5.8.

5.1.5.1. First-order multiplier estimates . . . . . . . . . . . . . . ..
5.1.5.2. Second-order multiplier estimates . . . . . . . . . . . . . ..

Notes and Selected Bibliography for Section 5.1 . . . . . . . . . . . .. . ..

ACTIVE SET METHODS FOR LINEAR INEQUALITY CONSTRAINTS ..
5.2.1. A Model Algorithm . . . . . . . . . .. ..o oo
5.2.2. Computation of the Search Direction and Step Length . . . . . . . . ..
5.2.3. Interpretation of Lagrange Multiplier Estimates . . . . . . . . . . . .
*5.9.4. Changes in the Working Set . . . . . . . . . . . . . ... ..
*59.4.1. Modificationof Z . . . . . . . . . . ... oo oo
*59.4.2. Modification of other matrices . . . . . . . . . . . . . . ..

Notes and Selected Bibliography for Section 5.2 . . . . . . . . . . . . . . ..

SPECIAL PROBLEM CATEGORIES . . . . . . .« « « o v v v o v v v v
5.3.1. Linear Programming . . . . . . . . . . . ¢« . o 0 o0
5.3.2. Quadratic Programming . . . . . . . . . . . . .o e e e e
5.3.2.1. Positive-definite quadratic programming . . . . . . . . . . . .

5.3.2.2. Indefinite quadratic programming . . . . . . . . . . . . . ..

*5 3.3. Linear Least-Squares with Linear Constraints . . . . . . . . . . . ..

Notes and Selected Bibliography for Section 5.3 . . . . . . . . . . . .. . ..
PROBLEMS WITH FEW GENERAL LINEAR CONSTRAINTS . . . . . . ..
*54.1. Positive-Definite Quadratic Programming . . . . . . . . . . . . . . .
*549. Second Derivative Methods . . . . . . . . . . . . . . . ..o
*54.92.1. A method based on positive-definite quadratic programming

*5 4,22, A method based on an approximation of the projected Hessian . .

Notes and Selected Bibliography for Section5.4 . . . . . . . . . . . . .. ..
SPECIAL FORMS OF THE CONSTRAINTS . . . . . . . . . . . . . . ..

5.5.1. Minimization Subject to Simple Bounds . . . . . . . . . . . . .. ..
*5 5.2, Problems with Mixed General Linear Constraints and Bounds . . . . . .
Notes and Selected Bibliography for Section 5.5 . . . . . . . . . . . .. . ..
LARGE-SCALE LINEARLY CONSTRAINED OPTIMIZATION . . . . . . . .
5.6.1. Large-scale Linear Programming . . . . . . . . . . . . . . . « ..
5.6.2. General large-scale linearly constrained optimization . . . . . . . . ..
*56.2.1. Computation of the change in the superbasic variables . . . . . .
¥5.6.2.2. Changes in the activeset . . . . . . . . . . . . .. .. ..

Notes and Selected Bibliography for Section56 . . . . . . . . . . . . . . ..

FINDING AN INITIAL FEASIBLEPOINT . . . . . . . . . . . . . . ..
Notes and Selected Bibliography for Section 5.7 . . . . . . . . . . . . . . ..
IMPLEMENTATION OF ACTIVE SET METHODS . . . . . . . . . . . . ..
*5.8.1. Finding the Initial Working Set . . . . . . . . . . . . . . . ... ..
*5.8.2. Linearly Dependent Constraints . . . . . . . . . . . . . . . . ...
*583. Zero Lagrange Multipliers . . . . . . . . . . . . ... oo

Notes and Selected Bibliography for Section58 . . . . . . .. . . .. .. ..



Table of Contents

CHAPTER 6. NONLINEAR CONSTRAINTS . . . . . . . . . . . . ... ...

6.1.

6.2

6.3.

6.4.

6.5.

THE FORMULATION OF ALGORITHMS . . . . . . . . . . . . ... ...
6.1.1. The Definition of a Merit Funetion . . . . . . . . . . . . . ... ..
6.1.2. The Nature of Subproblems . . . . . . . . . . . . . ... ... ..
6.1.2.1. Adaptive and deterministic subproblems . . . . . . . . . . ..
6.1.2.2. Valid and defective subproblems . . . . . . . . . . . . . ..
PENALTY AND BARRIER FUNCTION METHODS . . . . . . . . . . . ..
6.2.1. Differentiable Penalty and Barrier Function Methods . . . . . . . . . .
6.2.1.1. The quadratic penalty funetion . . . . . . . . . . . . . . ..
6.2.1.2. The logarithmie barrier function . . . . . . . . . . . . . ..
6.2.2. Non-Differentiable Penalty Function Methods . . . . . . . . . . . . ..
6.2.2.1. The absolute value penalty function . . . . . . . . . . . . ..
6.2.2.2. A method for general non-differentiable problems . . . . . . . .

Notes and Selected Bibliography for Section 6.2 . . . . . . . . . . . . . . ..
REDUCED-GRADIENT AND GRADIENT-PROJECTION METHODS . . . . .

6.3.1. Motivation for Reduced-Gradient-Type Methods . . . . . . . . . . .. '

6.3.2. Definition of a Reduced-Gradient-Type Method . . . . . . . . . . . ..
6.3.2.1. Definition of the null-space component . . . . . . . . . . . ..
6.3.2.2. Restoration of feasibility . . . . . . . . . . . . .. ... ..
6.3.2.3. Reduction of the objective funetion . . . . . . . . . . . . ..
6.3.2.4. Properties of reduced-gradient-type methods . . . . . . . . . .

6.3.3. Determination of the Working Set . . . . . . . . . . . . .. . ...

Notes and Selected Bibliography for Section6.3 . . . . . . . . . . . . . . ..

AUGMENTED LAGRANGIANMETHODS . . . . . . . . . . . . . . . ...
6.4.1. Formulation of an Augmented Lagrangian Function . . . . . . . . . . .
6.4.2. An Augmented Lagrangian Algorithm . . . . . . . . . . . . . .. ..
6.4.2.1. A model algorithm . . . . . . . . . .. .. ...,

6.4.2.2. Properties of the augmented Lagrangian function . . . . . . . .

*6.4.3. Variationsin Strategy . . . . . . . . . . . . . . ... Lo

Notes and Selected Bibliography for Section6.4 . . . . . . . . . . . . . . ..

PROJECTED LAGRANGIAN METHODS . . . . . e e
6.5.1. Motivation for a Projected Lagrangian Method . . . . . . . . . . . . .
6.5.1.1. Formulation of a linearly constrained subproblem . . . . . . . .
6.5.1.2. Definition of the subproblem . . . . . . . . . . . . .. . ..
6.5.2. A General Linearly Constrained Subproblem . . . . . . . . . . . . . .
6.5.2.1. Formulation of the objective function . . . . . . . . . . . ..
6.5.2.2. A simplified model algorithm . . . . . . . . . . . .. .. ..
*6.5.2.3. Improvements to the model algorithm . . . . . . . . . . . ..
6.5.3. A Quadratic Programming Subproblem . . . . . . . . . . . .. . ..
6.5.3.1. Motivation . . . . . . . . . ..o Lo L Lo
6.5.3.2. A simplified model algorithm . . . . . . . . . . ... .. ..
6.5.3.3. Use of 2 merit funetion . . . . . . . . . . ... ... ...
*6.5.3.4. Other formulations of the subproblem . . . . . . . . . . . ..
*6.5.4. Strategies for a Defective Subproblem . . . . . . . . . . . . .. ...
*6.5.4.1. Incompatible linear constraints . . . . . . . . . . . .. ...

X1



Table of Contents

*6.5.4.2. Poor approximation of the Lagrangian function . . . . . . . . . 243

*6.5.5. Determination of the Active Set . . . . . . . . . . . . . .. .. 243
*6.5.5.1. An equality-constrained subproblem . . . . . . . . . . .. .. 244

*6.5.5.2. An inequality-constrained subproblem . . . . . . . . . . . .. 244

Notes and Selected Bibliography for Seetion 6.5 . . . . . . . . .. . . . . .. 245

6.6. LAGRANGE MULTIPLIER ESTIMATES . . . . . . . . . . .« . .« .« .. 247
6.6.1. First-Order Multiplier Estimates . . . . . . . . . . . . . . . . ... 248

6.6.2. Second-Order Multiplier Estimates . . . . . . . . . . . . .. . ... 248
*6.6.3. Multiplier Estimates for Inequality Constraints . . . . . . . . . .. . . 250
6.6.4. Consistency Checks . . . . . . . . . . . ..o e 250
Notes and Selected Bibliography for Section66 . . . . . . . . . . . . . . .. 251

¥6.7. LARGE-SCALE NONLINEARLY CONSTRAINED OPTIMIZATION . . . . . . 251
*6.7.1. The Use of a Linearly Constrained Subproblem . . . . . . . . . . . .. 252
*6.7.2. The Useof a QP Subproblem . . . . . . . . . . . . . .. .. 253
*6.7.2.1. Representing the basisinverse . . . . . . . . . . ... . .. 254

*§.7.9.2. The search direction for the superbasic variables . . . . . . . . 255

Notes and Selected Bibliography for Section 6.7 . . . . . . . . . . . . . . .. 256

6.8. SPECIAL PROBLEM CATEGORIES . . . . . . . . . .« « o v o v v o 256
6.8.1. Special Non-Differentiable Functions . . . . . . . . . . .. . . . .. 257
6.8.2. Special Constrained Problems . . . . . . . . . . . . . . . ... .. 257
6.8.2.1. Convex programming . . . . . .« « « « o o« o e o e e e . o 257

6.8.2.2. Separable programming . . . . . . . . . . . .o 000 . . 258

6.8.2.3. Geometric programming . . . . . . . . . . . ... 0. . . 258

Notes and Selected Bibliography for Section 6.8 . . . . . . . . . . . . . . .. 259
CHAPTER 7. MODELLING . . . . . . . . .« 0 v o e e e e e e e e s 261
7.1. INTRODUCTION . . . . . . i e e e e e e e e e e e e e e e e e e 261
7.2. CLASSIFICATION OF OPTIMIZATION PROBLEMS . . . . . . . . . . . .. 262
7.3. AVOIDING UNNECESSARY DISCONTINUITIES . . . . . . . . . . . . . .. 263
7.3.1. The Role of Accuracy in Model Funetions . . . . . . . . . . . . . .. 263
7.3.2. Approximation by Series or Table Look-Up . . . . . . . . . . . . .. 265
7.3.3. Subproblems Based on Iteration . . . . . . . . . . ..o 266
Notes and Selected Bibliography for Section 7.3 . . . . . . . . . . . . . . .. 267

7.4. PROBLEM TRANSFORMATIONS . . . . . . . v« v v v o v v v e e e e 267
7.4.1. Simplifying or Eliminating Constraints . . . . . . . . . . . . . . .. 267
7.4.1.1. Elimination of simplebounds . . . . . . . . . . . . . . . .. 268

7.4.1.2. Elimination of inequality constraints . . . . . . . . . . . .. 269

7.4.1.3. General difficulties with transformations . . . . . . . . . . . . 270

7.4.1.4. Trigonometric transformations . . . . . . . . . . . . . . .. 271

7.4.2. Problems Where the Variables are Continuous Funetions . . . . . . . . . 272
Notes and Selected Bibliography for Section 7.4 . . . . . . . . . . .. . ... 273

7.5. SCALING . . . & o i e e e et e e e e e e e e e e e e e e e e e e e 273
7.5.1. Scaling by Transformation of Variables . . . . . . . . . . . . . . .. 273
7.5.2. Scaling Nonlinear Least-Squares Problems . . . . . . . . . . . . . .. 275

7.6. FORMULATION OF CONSTRAINTS . . . . . . . « .« « « o v o v v v v 276



Table of Contents

7.7.

7.6.1.
7.6.2.

Indeterminacy in Constraint Formulation . . . . . . . . . . . . . ..
The Use of Tolerance Constraints . . . . . . . . . . . . . . .. . ..

Notes and Selected Bibliography for Section7.6 . . . . . . . . . . . . . . ..
PROBLEMS WITH DISCRETE OR INTEGER VARIABLES . . . . . . . . ..

7.7.1.
7.7.2.

Pseudo-Discrete Variables . . . . . . . . . . . . . oo o 0.
Integer Variables . . . . . . . . . . . . . 0 ..o 0 e

Notes and Selected Bibliography for Section 7.7 . . . . . . . . . . . . . . ..

CHAPTER 8. PRACTICALITIES . . . . . . . . . . . o o o o vt v v v o
USEOQOF SOFTWARE . . . . . . . . v o v v e e i i e e e e e e e e

8.1.

8.2.

8.1.1.

8.1.2.

8.1.3.

8.1.4.

8.1.5.

Seleeting a Method . . . . . . . . . . .. .00
8.1.1.1. Selecting an unconstrained method . . . . . . . . . . . . ..
8.1.1.2. Selecting a method for linear constraints . . . . . . . . . . . .
8.1.1.3. Selecting a method for nonlinear constraints . . . . . . . . . .
The UserInterface . . . . . . . . . . . . . . . o . ...
8.1.2.1. Default parameters . . . . . . . . . . . ...
8.1.2.2. Serviceroutines . . . . . . i . . . . . ..o 0.
Provision of User-Defined Parameters . . . . . . . . . . . . . . . ..
8.1.3.1. The precision of the problem funetions . . . . . . . . . . ..
8.1.3.2. Choice of step-length algorithm . . . . . . . . . . . . . . ..
8.1.3.3. Step-length accuracy . . . . . . . . . . . . . .. ... L.
8.1.34. Maximumsteplength . . . . . . . . . . . .. .. ... ..
8.1.3.5. A bound on the number of function evaluations . . . . . . . . .
81.36. Localsearech . . . . . . . . . . . . . . . ..o
8.1.3.7. The penalty parameter in an augmented Lagrangian method . . .
8.1.3.8. The penalty parameter for a non-smooth problem . . . . . . . .
Solving the Correct Problem . . . . . . . . . . . . . . . . ... ..
8.1.4.1. Errors in evaluating the function . . . . . . . . . . . . . ..
8.1.4.2. Errors in computing derivatives . . . . . . . . . . . . . . ..
Making the Best of the Available Software . . . . . . . . . . . e e e
8.1.5.1. Nonlinear least-squares problems . . . . . . . . . . . . . ..
8.1.5.2. Missing derivatives . . . . . . . . . .. .00
8.1.5.3. Solving constrained problems with an unconstrained routine

8.1.5.4. Treatment of linear and nonlinear constraints . . . . . . . . .
8.1.5.5. Nonlinearequations . . . . . . . . . . . . . . . . . .. ..

Notes and Selected Bibliography for Section 8.1 . . . . . . . . . . . . . . ..

PROPERTIES OF THE COMPUTED SOLUTION . . . . . . . .. . .. ..

8.2.1.
8.2.2.

8.2.3.

What is a Correet Answer? . . . . . . . . . . . . ... ... P
The Accuracy of the Solution . . . . . . . . . . . . . .. .. ...
8.2.2.1. Unconstrained problems . . . . . . . . . . . . . ... . ..
8.2.2.2. Accuracy in constrained problems . . . . . . . . .. . . . ..
Termination Criteria . . . . . . . . . . . . . . . .. ... ..
8.2.3.1. The need for termination criteria . . . . . . . . . . . .. ..
8.2.3.2. Termination criteria for unconstrained optimization . . . . . . .
8.2.3.3. Termination criteria for linearly constrained optimization
xiv

300
300
301
301
303
305
305
306
308



Table of Contents

8.3.

8.4.

8.5.

8.2.3.4. Termination criteria for nonlinearly constrained optimization . . .
8.2.3.5. Conditions for abnormal termination . . . . . . . . . . . ..
8.2.3.6. The selection of termination criteria . . . . . . . . . . . . ..

Notes and Selected Bibliography for Section 82 . . . . . . . . . . . . .. ..

ASSESSMENT OF RESULTS . . . . . . v v o v v v v e e e e e

8.3.1.

8.3.2.

8.3.3.

Assessing the Validity of the Solution . . . . . . . . . . . . ... ..
8.3.1.1. The unconstrained case . . . . . . . . . . « . .« . o . ..
8.3.1.2. The constrainedecase . . . . . . . . . . . . . . oo
Some Other Ways to Verify Optimality . . . . . . . . . . . ... ..
8.3.2.1. Varying the parameters of the algorithm . . . . . . . . . . ..
8.3.2.2. Using a different method . . . . . . . . . . . . . . ... ..
8.3.2.3. Changing theproblem . . . . . . . . . . . . « . . . ...
Sensitivity Analysis . . . . . . . . ... ... e oo
8.3.3.1. Theroleofthe Hessian . . . . . . . . . . . . . .« . . ..
8.3.3.2. Estimating the condition number of the Hessian . . . . . . . .
8.3.3.3. Sensitivity of the constraints . . . . . . . . . .. .. .. ..

Notes and Selected Bibliography for Section 83 . . . . . . . . . . . . .. ..

WHAT CAN GO WRONG (AND WHAT TO DO ABOUTIT) . .. ... . ..

8.4.1.
8.4.2.

8.4.3.

8.4.4.
8.4.5.
8.4.6.

Overflow in the User-Defined Problem Functions . . . . . . . . . . ..
Insufficient Decrease in the Merit Funetion . . . . . . . . . . . . . ..
8.4.2.1. Errors in programming . . . . . . . . . . . . .. 0.
8.4.2.2. Poorscaling . . . . . . . . . . . . ..o oo
8.4.2.3. Overly-stringent termination criteria . . . . . . . . . . . ..
8.4.2.4. Inaccuracy in a finite-difference approximation . . . . . . . . .
Consistent Lack of Progress . . . . . . . . . . . « .« .« « o .
8.4.3.1. Unconstrained optimization . . . . . . . . . . . . . . . ..
8.4.3.2. Linearly constrained optimization . . . . . . . . . . . . . ..
8.4.3.3. Nonlinearly constrained optimization . . . . . . . . . . . ..
Maximum Number of Function Evaluations or Iterations . . . . . . . . .
Failure to Achieve the Expected Convergence Rate . . . . . . . . . . .
Failure to Obtain a Descent Direction . . . . . . . . . . . . . . . ..

ESTIMATING THE ACCURACY OF THE PROBLEM FUNCTIONS . . . . . .

851 TheRoleof Accuracy . . . . . . . . . « « « v o v 0w
8.5.1.1. A definition of aceuracy . . . . . . . . . .. oL
8.5.1.2. How accuracy estimates affect optimization algorithms . . . . . .
8.5.1.3. The expected accuracy . . . . . . . . . . . ... ...
8.5.2. Estimating the Accuracy . . . . . . . . . . . . . . .o
8.5.2.1. Estimating the accuracy when higher precision is available . . . .
8.5.2.2. Estimating the accuracy when derivatives are available . . . . .
8.5.2.3. Estimating the accuracy when only function values are available .
8.5.2.4. Numericalexamples . . . . . . . . . . . . . ...
8.5.3. Re-Estimstion of the Aceuracy . . . . . . . . . . « . . o« ..
Notes and Selected Bibliography for Seetion 85 . . . . . . . . . . . . .. ..

xv



Table of Contents

8.6. COMPUTING FINITEDIFFERENCES . . . . . . . . . .« « o« ..
8.6.1. Errors in Finite-Difference Approximations; The Well-Scaled Case . . . . .

8.6.1.1. The forward-difference formula. . . . . . . . . . . . . . . ..
8.6.1.2. The central-difference formula . . . . . . . . . . . . . . ..
8.6.1.3. Second-order differences . . . . . . . . . . . . . .. o .

8.6.2. A Procedure for Automatic Estimation of Finite-Difference Intervals . . . .

8.6.2.1. Motivation for the procedure . . . . . . . . . . . . ...
8.6.2.2. Statement of the algorithm . . . . . . . . . . . . ... .
8.6.2.3. Numericalexamples . . . . . . . . . . . . . . ..
8.6.2.4. Estimating the finite-difference interval at an arbitrary point . . .
8.6.2.5. Finite-difference approximations in constrained problems

Notes and Selected Bibliography for Section86 . . . . . . . . . . . . .. .

8.7. MORE ABOUT SCALING . . . . . . . . . v o i i e e e e e e e e e
8.7.1. Secaling the Variables . . . . . . . . . . . . . . . ...

8.7.1.1. Scale-invariance of an algorithm . . . . . . . . . . . . . ..
8.7.1.2. The conditioning of the Hessian matrix . . . . . . . . . . . .
8.7.1.3. Obtaining well-scaled derivatives . . . . . . . . . . . . . ..

8.7.2. Scaling the Objective Funetion . . . . . . . . . . . . . . . . .. ..

8.7.3. Scaling the Constraints

8.7.3.1. Some effects of constraint scaling . . . . . . . . . . . . . ..
8.7.3.2. Methods for scaling linear constraints . . . . . . . . . . . ..
8.7.3.3. Methods for scaling nonlinear constraints . . . . . . . . . ..

Notes and Selected Bibliography for Section 87 . . . . . . . . . . . . . . ..

QUESTIONS AND ANSWERS . . . . . . . . . . . . ... ... ..
BIBLIOGRAPHY . . . . . . . . . o i i e e e e e e e e e e e

INDEX



