Contents

Preface

Mathematical notation

Contents

1

Introduction
1.1 Example: Polynomial Curve Fitting . . . . ... .. ... .....
1.2 Probability Theory . . . .. ... . . ... ... ... . ... ...
1.2.1 Probability densities . . . . ... ... ... ........
1.2.2 Expectations and covariances . . . . .. ... .......
1.2.3 Bayesianprobabilities . . . .. ... ... .. .. .....
1.24 The Gaussian distribution . . . . . ... ... ... ....
1.2.5 Curvefittingre-visited . . . . ... ... ... .. .....
1.2.6 Bayesiancurvefitting . .. .. ... ... .........
1.3 Model Selection . . . ... ... ... ... ..
1.4 The Curse of Dimensionality . . . . . .. ... ... ........
1.5 DecisionTheory . . . . ... ... ... ... .. ..., .
1.5.1 Minimizing the misclassificationrate . .. ... ... ...
1.5.2 Minimizing the expectedloss . . . ... ... .......
1.5.3 Therejectoption . . ... ... ... ... ... ......
1.54 Inferenceanddecision . . ... ...............
1.5.5 Loss functions forregression . . . . . . ... ... ... ..
1.6 InformationTheory. . . .. ... ... ... ... .........
1.6.1 Relative entropy and mutual information . . ... ... ..
Exercises . . . . . . . i i e e e

vii

xi

xiii



2 Probability Distributions 67

2.1 Binary Variables . . . . . .. ... ... oo 68
2.1.1 Thebetadistribution . . . ... ... ............ 71

2.2 Multinomial Variables . . . . . . . ... ... .. o0 0oL 74
2.2.1 The Dirichlet distribution . . . . . . . ... ... ...... 76

2.3 The Gaussian Distribution . . . . . . ... .. ... ... ... 78
2.3.1 Conditional Gaussian distributions . . . . . ... ... ... 85

2.3.2 Marginal Gaussian distributions . . . . ... ... ... .. 88

2.3.3 Bayes’ theorem for Gaussian variables . . . . ... ... .. 90

2.3.4 Maximum likelihood for the Gaussian . . . . . . ... ... 93

235 Sequentialestimation . . . . . ... ... ... ... ... 94

2.3.6 Bayesian inference for the Gaussian . . . . . ... ... .. 97

2.3.7 Student’s t-distribution . . . . . ... ... oL 102

23.8 Periodicvariables . . . . .. ... ... ..., 105

239 Mixturesof Gaussians . . . . . . . ... ..o 110

2.4 The Exponential Family . . ... ... ............... 113
2.4.1 Maximum likelihood and sufficient statistics . . . . . . .. 116

242 Conjugate priors . . . . . . . ..o it e e 117

2.4.3 Noninformativepriors . . . . ... ... ... ... .... 117

2.5 NonparametricMethods . . . .. ... ... ... ........ 120
2.5.1 Kemeldensityestimators . . . . .. ... ... .. .. ... 122

2.5.2 Nearest-neighbourmethods . . . . ... ... ... . ... 124
EXEICISES .« v v v v v e i e e e e e e e e e e e e e e e e 127
3 Linear Models for Regression 137
3.1 Linear BasisFunctionModels . . . .. .. ... ... .. ..... 138
3.1.1 Maximum likelihood and least squares . . . . . .. .. ... 140

3.1.2 Geometry of leastsquares . . . . . . ... ... ...... 143

3.1.3 Sequentiallearning . . . . . .. ... ... ... 143

3.14 Regularizedleastsquares . . . . . . ... .. ... ... .. 144

3.1.5 Multipleoutputs . . . . . ... ... ... 146

3.2 The Bias-Variance Decomposition . . . . . . .. ... ... .... 147
3.3 Bayesian Linear Regression . . . . ... .............. 152
3.3.1 Parameter distribution . . . . .. ... ... ... ... .. 152

3.3.2 Predictive distribution . . . . . .. ... ... 156

3.3.3 Equivalentkernel . . . .. ... ... .. .. ........ 159

3.4 Bayesian Model Comparison. . . . . .. ... ... ... ... .. 161
3.5 The Evidence Approximation . . ... .. ... .......... 165
3.5.1 Evaluation of the evidence function . . ... ... ... .. 166

3.5.2 Maximizing the evidence function . . . . .. ... ... .. 168

3.5.3 Effective number of parameters . . . . ... .. ... ... 170

3.6 Limitations of Fixed Basis Functions . . . ... ... ... .... 172

BXEICISES  + v v v e e e e e e e e e e e e e e e e e e e e e e 173



4  Linear Models for Classification

4.1

Discriminant Functions . . . . . . ... ... ... .........
411 Twoclasses . . . . . .. . ..
412 Multipleclasses. . . . . . ... ... ... .. ...
4.1.3 Least squares for classification . . . . .. ... ... .. ..
4.1.4 Fisher’s linear discriminant . . . . . .. ... ... .....
4.1.5 Relationtoleastsquares . ... ... ............
4.1.6  Fisher’s discriminant for multiple classes . . . .. ... ..

4.1.7 The perceptronalgorithm . . . . . ... ... ... .....
4.2  Probabilistic Generative Models . . . . ... ... .........
4.2.1 Continuousinputs . . . . ... .. ... ... ... .. ..
4.2.2 Maximum likelihood solution . . ... ... ... ... ..
423 Discretefeatures . . . .. .. ... ... ...
424 Exponential family . . . . ... ... ... .........
4.3  Probabilistic Discriminative Models . . . . . . ... ... ... ..
431 Fixedbasisfunctions . . . . .. ... ............
4.3.2 Logisticregression . . . . . .. ... .. ...
4.3.3 Iterative reweighted least squares . . . . ... .... ...
434 Muliiclass logisticregression . . . . . .. .. ... .....
435 Probitregression . . . .. ... ... ... ... ... ..
43.6 Canonicallink functions . . .. ... ............
4.4 The Laplace Approximation . . . ... .. .. ... ........
44.1 Model comparisonand BIC . . .. ... ..........
4.5 Bayesian Logistic Regression . . . .. ... .. ... .......
4.5.1 Laplaceapproximation . . . .. .. .. ... ........
452 Predictivedistribution . . ... ... ... .. .......
Exercises . .. .. ... . ...
5 Neural Networks
5.1 Feed-forward Network Functions . . . . .. ... ... ......
5.1.1 Weight-space symmetries . . . .. .............
52 Network Training . . . . .. ... ... ... ... .........
5.2.1 Parameter optimization . . . . . .. ... ... .......
5.2.2 Local quadratic approximation . . . . .. ... .... ...
5.23 Useof gradient information . . . ... ... ... ... ...
5.2.4 Gradient descent optimization . . . . ... .........
5.3 Error Backpropagation . . . ... .. ... .............
5.3.1 Evaluation of error-function derivatives . . . . . . ... ..
532 Asimpleexample . .. ...................
5.3.3 Efficiency of backpropagation . . . .. ... ... .....
534 ThelJacobianmatrix . .. ... ...............
54 TheHessianMatrix . . . . ... ... ... ... .. ... .. ...
54.1 Diagonal approximation . . . . ... ... .........
5.4.2 Outerproductapproximation . . . . . ... .........

543 InverseHessian . . . . . . . .. .. . ...



544  Finitedifferences . . . . . . . . . o o oo e 252

5.4.5 Exactevaluation of the Hessian . . . . ... ... ... .. 253

5.4.6 Fast multiplication by the Hessian . . . . .. ... .. ... 254

5.5 Regularization in Neural Networks . . .. .. ... .. ...... 256
5.5.1 Consistent Gaussian priors . . . . . . . . . . .. ... 257

5.5.2 Earlystopping . ... ... ... ... 259

5.53 Invariances . . . . . . oot e e e e e e 261

5.5.4 Tangentpropagation . . . ... .. .. ... 263

5.5.5 Training with transformeddata. . . . . ... ... .. ... 265

5.5.6 Convolutionalnetworks . . . ... ... ... ... .... 267

5.5.7 Softweightsharing . . . . ... ... ............ 269

5.6 Mixture Density Networks . . . . . . ... ... .. 272
5.7 Bayesian NeuralNetworks . . . . .. ... .. ........... 277
5.7.1 Posterior parameter distribution . . . .. .. ... .. ... 278

5.7.2 Hyperparameter optimization . . . .. ... ... ... .. 280

5.7.3 Bayesian neural networks for classification . . .. ... .. 281
BXEICISES .« & v o o v e e e e e e e e e e e e e e e e e 284
Kernel Methods 291
6.1 DualRepresentations . . . . . .. . .. .. ..o 293
6.2 ConstructingKernels . . . . ... ... ... L 0oL 294
6.3 Radial Basis Function Networks . . . . .. .. ... .. ... ... 299
6.3.1 Nadaraya-Watsonmodel . . .. .. ... .. ........ 301

6.4 Gaussian Processes . . . . . . . . . oo e e e 303
6.4.1 Linearregressionrevisited . . . .. .. ... .. ... ... 304

6.4.2 Gaussian processes for regression . . . . . ... ... 306

6.4.3 Learning the hyperparameters . . . . . ... .. .. .... 311

6.4.4 Automatic relevance determination . . . . . . ... .. .. 312

6.4.5 Gaussian processes for classification . . . . . .. ... ... 313

6.4.6 Laplace approximation . . . . . . ... ... .. ... ... 315

6.4.7 Connectiontoneuralnetworks . . . . . . ... ... .... 319
BXEICISES  « v v v v v e v v e e e e e e e e e e e e e e 320
Sparse Kernel Machines 325
7.1  Maximum Margin Classifiers . . .. ... ... .......... 326
7.1.1  Overlapping class distributions . . . . . ... ... ... .. 331
7.1.2 Relation to logisticregression . . . . . . ... ... .. .. 336

7.1.3 Multiclass SVMSs . . . . . ..o 338
7.1.4 SVMsforregression . . . . . . .. ... 339

7.1.5 Computational learning theory . . . . . . ... .. .. ... 344

7.2 Relevance Vector Machines . . . . .. .. ... .. .. ...... 345
7.2.1 RVMforregression. . . . . . .. ... i 345

722 Analysisofsparsity . . . . . .. ..o 349

723 RVMforclassification . . ... ... ... .. ... ... 353

EXEICISES & v v v e e e e e e e e e e e e e e e e e e e e 357



8

10

Graphical Models

81 BayesianNetworks . . . . . ... ... ... .. ..........
8.1.1 Example: Polynomial regression . . . . ... ... ... ..
8.1.2 Generativemodels . ... ... ... . ... .......
813  Discretevariables . . . . . ... ... ... .........
8.1.4 Lincar-Gaussianmodels . . . . ... ... .........

8.2 Conditional Independence . . . . . ... ... ...........
8.2.1 Threeexamplegraphs . . ... ... ............
822 D-separation . .. . ... ... ...

8.3 MarkovRandomPFields .. ... ..................
8.3.1 Conditional independence properties . . . . . ... ... ..
8.3.2 Factorization properties . . . ... ... ... .......
8.3.3 [Illustration: Image de-noising . . . .. ... ........
8.3.4 Relationtodirectedgraphs . . . . ... ... ........

8.4 Inferencein Graphical Models . . . . . . ... ... ... .....
8.4.1 Inferenceonachain . ....................
8.42 Trees . . . . . o e e

843 Factorgraphs . . . . ... ... . ... .. ...
844 The sum-productalgorithm . . . . ... ... ........
8.4.5 Themax-sumalgorithm . ... ...............
8.4.6 Exactinference in general graphs . . . ... ... ... ..
8.4.7 Loopy belief propagation . . . . . ... ... ... .....
8.4.8 Learning the graphstructure . . . . .. ... ... .....
EXercises . . . . . . o i i e e e e e

Mixture Models and EM

91 K-meansClustering . . . . ... .. .. ...
9.1.1 Image segmentation and compression . . . . ... ... ..

9.2 Mixturesof Gaussians . . . ... ... ... ... ...,
9.2.1 Maximum likelihood . . . . . . ... .. .. .. ... ...

9.3 An Alternative Viewof EM . . . . . . ... ... ... ......
9.3.1 Gaussian mixturesrevisited . . . . .. ... ... ... ..
9.32 Relationto K-means . . . . . ... ... ... .......
9.3.3 Mixtures of Bernoulli distributions . . . . .. ... ... ..
9.3.4 EM for Bayesian linear regression . . . . .. ... ... ..
94 The EM AlgorithminGeneral . . . . .. ... ... .. ......
EXErciSes . . . . v v v i e e e e e e e e e e e e

Approximate Inference

10.1 Variational Inference . . . . ... ... ... .. ..........
10.1.1 Factorized distributions . . . . . . . .. ... ... ... ..
10.1.2 Properties of factorized approximations . . . . .. ... ..
10.1.3 Example: The univariate Gaussian . . . . . . .. ... ...
10.1.4 Model comparison . . . . . .. ... .. L.

10.2 THlustration: Variational Mixture of Gaussians . . . . . . . ... ..



11

12

10.2.1 Variational distribution . . . . . . . . . . . .. . ... ... 475

10.2.2 Variational lowerbound . . .. .. ... ... ... .... 481
10.2.3 Predictivedensity . . . . . . . . .. ... 482
10.2.4 Determining the number of components . . . . . . ... .. 483
10.2.5 Induced factorizations . . .. . .. ... .. ... ..... 485

10.3 Variational Linear Regression . . . . . . . ... .. ... ..... 486
10.3.1 Variational distribution . . . . . .. . ... ... ... ... 486
10.3.2 Predictive distribution . . . . . .. ... ... o0 488
1033 Lowerbound . . .. ... ... ... ... ... ... 489

10.4 Exponential Family Distributions . . . . ... ... ... ... .. 490
10.4.1 Variational message passing . . . . . . . .. .. ... .. 491

10.5 Local Variational Methods . . . . . . ... ... ... ... .... 493
10.6 Variational Logistic Regression . . . . .. ... .. ........ 498
10.6.1 Variational posterior distribution . . . . . . ... ... ... 498
10.6.2 Optimizing the variational parameters . . . . ... ... .. 500
10.6.3 Inference of hyperparameters . . . .. ... ... ..... 502

10.7 Expectation Propagation . . . ... ... ... ........... 505
10.7.1 Example: The clutterproblem . . . . . ... ... ... .. 511
10.7.2 Expectation propagationongraphs. . . . . . .. ... ... 513
BXErCiSEs . . . . o i v v e e e e e e e e e e e e e 517
Sampling Methods 523
11.1 Basic Sampling Algorithms . . . . . ... .. .. ... .. ... 526
11.1.1 Standard distributions . . . . . .. .. ... ... ... 526
11.1.2 Rejectionsampling . . . . . . .. ... . ... 528
11.1.3 Adaptive rejection sampling . . . . .. ... .. ... ... 530
11.1.4 Importancesampling . . . . . . .. .. .. . ... .. 532
11.1.5 Sampling-importance-resampling . . . . . ... ... ... 534
11.1.6 Sampling and the EM algorithm . . . . . . ... ... ... 536

11.2 Markov ChainMonteCarlo . . . .. ... ... .......... 537
11.2.1 Markovchains . .. ... ... ... ... .. .. ..., 539
11.2.2 The Metropolis-Hastings algorithm . . . .. .. ... ... 541

113 GibbsSampling . . . . . . ... ... ... oo 542
114 ShliceSampling . . . .. .. ... . . o 546
11.5 The Hybrid Monte Carlo Algorithm . . . . ... .. .. .. .. .. 548
11.5.1 Dynamicalsystems . . . . . . ... ... .o 548
11,52 HybridMonteCarlo . . . .. ... .. ........... 552

11.6 Estimating the Partition Function . . . .. .. ... ... ... .. 554
EXEICISES . v v v v e v v e e e e e e e e e e e e 556
Continuous Latent Variables 559
12.1 Principal Component Analysis . . . . . .. ... ... .. ..... 561
12.1.1 Maximum variance formulation . . . . ... ... ... .. 561
12.1.2 Minimum-error formulation . . . . .. ... ... ... .. 563
12.1.3 Applicationsof PCA . . . .. .. ... ........... 565

12.1.4 PCA for high-dimensionaldata . . .. ... ... ... .. 569



13

14

12.2.2 EMalgorithmforPCA . . . . . . ... ... ... .....
12.2.3 BayesianPCA . . ... . ... ... ... .........
1224 Factoranalysis . ... ... ... ... ...........
123 Kemel PCA . . . . . . . ..
12.4 Nonlinear Latent Variable Models . . . . . .. ... ... ... ..
12.4.1 Independent componentanalysis . . . .. ... .......
12.4.2 Autoassociative neuralnetworks . . . . . .. ... ... ..
12.4.3 Modelling nonlinear manifolds . . . . ... ... ... ...
Exercises . . . . . . . e e e

Sequential Data
13.1 MarkovModels . . . . . ... .. . ... .. e
13.2 HiddenMarkovModels . ... ... ... ... ..........
13.2.1 Maximum likelihood forthe HMM . . ... ... ... ..
13.2.2 The forward-backward algorithm . . . ... ... ... ..
13.2.3 The sum-product algorithm forthe HMM . . . . . ... ..
13.24 Scalingfactors . . . ... ... ... ... .. ......
13.2.5 The Viterbi algorithm . . . . .. ... ... .........
13.2.6 Extensions of the hidden Markovmodel . . . . . . ... ..
13.3 Linear Dynamical Systems . . . . . .. .. ... .. ... .....
13.3.1 InferenceinLDS . ... ... ... ... ..........
13.3.2 LearninginILDS . . ... ... ... ... ... ......
13.3.3 Extensionsof LDS . ... ... ... .. ..........
13.34 Particlefilters . . . . . .. .. ... ... . ... ..., .
Exercises . . . . . . . i i i e e e e e

Combining Models
14.1 Bayesian Model Averaging . . . . . . ... ... .. ... .....
142 Committees . . . . . . . . . . . . ...
143 Boosting . . ... ... .. ... e
14.3.1 Minimizing exponentialerror . . . ... .. ... .. ...
14.3.2 Error functions forboosting . . . . . .. ... .. .. ...
144 Tree-basedModels . . . . . ... ... ... .. ..........
14.5 Conditional Mixture Models . . . . . ... ... ... .. .....
14.5.1 Mixtures of linear regressionmodels . . . . . ... ... ..
14.5.2 Mixtures of logisticmodels . . .. ... ..........
1453 Mixturesofexperts . . . . . . . . . .. .o
Exercises . . . . . . . . . . . e e

Appendix A Data Sets

Appendix B Probability Distributions

Appendix C Properties of Matrices



Appendix D Calculus of Variations
Appendix E  Lagrange Multipliers
References

Index

703
707
711

729



