Contents

Part I Introduction to the Riemann Hypothesis

Why This Book. ... 3
1.1 TheHoly Grail....... ..o 3
1.2 Riemann’s Zeta and Liouville’s Lambda .................... 5
1.3 The Prime Number Theorem .............. . ... . ... ... 7
Analytic Preliminaries .................. ... oo il 9
2.1 The Riemann Zeta Function ........... ... ...oiiiin... 9
2.2 Zerofree RegiOm. . ..o v vvnrin ittt 16
2.3 Counting the Zeros of ((8) . ..o v, 18
2.4 Hardy’s Theorem..........oovuviuiiiiieaienniianneann. 24
Algorithms for Calculating ¢(s)..........coovviiiiiiait, 29
3.1 Euler-MacLaurin Summation ..............coiiiiiian. 29
3.2 Backlund .....ovviiiii i i e 30
3.3 Hardy’sFunction..............ooiiiiiiiinniiiiiint, 31
3.4 The Riemann-Siegel Formula .................. .ot 32
3.5 Gram's Law .. ..ot i i e e 33
36 TULIDE «oooee ettt et 34
3.7 The Odlyzko-Schonhage Algorithm ........................ 35
3.8 A Simple Algorithm for the Zeta Function .................. 35

3.9 Further Reading..........cooiiiiiiiiiieii i, 36



X

Contents

Empirical Evidence ........ .. ... .. .. . 37
4.1 Verification in an Interval ...... ... ... .. ... . ... .o . 37
4.2 A Brief History of Computational Evidence ................. 39
4.3 The Riemann Hypothesis and Random Matrices............. 40
4.4 The Skewes Number .. ...... . it 43
Equivalent Statements .......... ... ... ... ... i i 45
5.1 Number-Theoretic Equivalences ........................... 45
5.2 Analytic Equivalences............. ... i i 49
5.3 Other Equivalences . ...........ciiiintininiinnnnnns 52
Extensions of the Riemann Hypothesis .................... 55
6.1 The Riemann Hypothesis...................... ... .. ... 55
6.2 The Generalized Riemann Hypothesis ...................... 56
6.3 The Extended Riemann Hypothesis........................ 57
6.4 An Equivalent Extended Riemann Hypothesis............... 57
6.5 Another Extended Riemann Hypothesis .................... 58
6.6 The Grand Riemann Hypothesis.................. ... ... .. 58

Assuming the Riemann Hypothesis and Its Extensions ... . 61

7.1 Another Proof of The Prime Number Theorem .............. 61
7.2 Goldbach’s Conjecture .......... ..ot 62
7.3 More Goldbach. ........ccoiiniiiiiii i i 62
7.4 Primesina GivenInterval ....... .. ... ... .. . .. 63
7.5 The Least Prime in Arithmetic Progressions ................ 63
7.6 Primality Testing....... ..ol 63
7.7 Artin’s Primitive Root Conjecture ......................... 64
7.8 Bounds on Dirichlet L-Series . .............. ... ... ...... 64
7.9 The Lindelof Hypothesis. . ........... ... ... 65
7.10 Titchmarsh’s $(T) Function .............................. 65
7.11 Mean Valuesof {(s) ...... .o, 66
Failed Attempts at Proof ........... ... .. ... ... ... .. ....... 69
8.1 Stieltjes and Mertens’ Conjecture.......................... 69
8.2 Hans Rademacher and False Hopes ........................ 70
8.3 Turdn’s Condition ...t 71
8.4 Louis de Branges’s Approach.............................. 71

85 NoReally GoodIdea ..............ccoiviiiiiiiiiinnn... 72



Contents XI

9 Formulas .......... i e e e 73

10 TimelIne. ... ..ottt e e e e e e e 81

Part II Original Papers

11 Expert Witnesses ... ....oouuiiiinni it 93
11.1 E. Bombieri (2000-2001) .......ovvviiiiiiiiiii i 94
11.2  P.Sarnak (2004) ..o oneii i 106
11.3 J.B.Conrey (2003) ..ottt 116
114 AL TVIE (2003) «onv i 130

12 The Experts Speak for Themselves ........................ 161
12.1 P.L. Chebyshev (1852) .........ciiiiiiii 162
12.2 B. Riemann (1859) ........ooiiriiiiiiii i 183
12.3 J. Hadamard (1896) «......coviuiiniiiiiiiii e 199
124 C. de la Vallée Poussin (1899) ..........c.oeeeeeeeeennns. 9222
12,5 G. H. Hardy (1914) «.eonriee et 296
126 G. H. Hardy (1915) . voonnnereaneeinee e aneenenn 300
12.7 G. H. Hardy and J. E. Littlewood (1915) . ................. 307
128 A Weil (1941) .o 313
129 P.Turdn (1948) .. v viint i 317
12.10 A. Selberg (1949) - .. vvevrneenrnene e eaneaeeeanenn 353
1211 P. Erd8s (1949) « v nvvnneeeneanee e aneeee e 363
12.12 S. Skewes (1955) .« vvinin e 375
12.13 C. B. Haselgrove (1958) . ... ..ovvirmniniiennnnnannn. 399
12.14 H. Montgomery (1973) ... ..oiurriiii i 405
12.15 D. J. Newman (1980) . ... ..oouriinienei i, 419
12.16 J. Korevaar (1982) . ....iuuinriniinnnini e aanans 424
12.17 H. Daboussi (1984) .. ..o tiiiie i 433
12.18 A. Hildebrand (1986) . .....oouvernrenreiiini i aann 438
12.19 D. Goldston and H. Montgomery (1987) ............... ... 447
12.20 M. Agrawal, N. Kayal, and N. Saxena (2004) .............. 469

REfOIOIICES . . o o oottt iee e iiaaa i aana et 483

2 EY (= a Y Lo = < g R 491



