Contents

Preface ... ... ... v
1 Introduction.............. .. ... .. . .. 1
What Are Manifolds? .......... ... 1
Why Study Manifolds?............ ... 4
2 Topological Spaces ........ ... ... ... ... ... .. 19
Topologies . ... ..o o 19
Convergence and Continuity ... ............... oo .. 26
HausdorffSpaces ... i 31
Basesand Countability ........... ... ... ... ... . .. 33
Manifolds. . ... .. 38
Problems ... ... . 45
3 NewSpacesfromOId............. ... ... ... ... ... ... ... . ... 49
SubSPaces .. ... 49
Product Spaces ........ ... 60
Disjoint Union SPaces ... .......ovureintiiet i 64
QUOLIENt SPACES .. ...\ttt 65
Adjunction SPaces .. ... ... e 73
Topological Groups and Group Actions ... ..........ovvnnunnneee. .. 77
Problems . ... ... . . . 81
4  Connectedness and Compactness ................................ 85
Connectedness . .. ..ottt e 86
COMPACINESS . . .ottt et e 94
Local Compactness. . .......ovoiiinin e 104
Paracompactness . ............oo i 109
Proper Maps . ... .. 118

Problems . ... .o e 122



10

Cell Complexes ... ........co it 127

Cell Complexes and CW Complexes ..., 127
Topological Properties of CW Complexes .................oint. ... 135
Classification of 1-Dimensional Manifolds .......................... 143
Simplicial Complexes. ... i i 147
Problems .. ... .. 155
Compact Surfaces. ......... .. ... i it 159
UM ACES . . it 159
Connected Sums of Surfaces . ............ .. ... i 164
Polygonal Presentations of Surfaces ..................... .ot 166
The Classification Theorem .. ....... ... . ... ... i 173
The Euler Characteristic. . .......coo ottt 178
Orientability . ......c.cuitt e 180
Problems ... ... .. ... 181
Homotopy and the Fundamental Group .......................... 183
HoOmOtOPY . .o vt ettt e e 184
The Fundamental Group .............. ..ottt 186
Homomorphisms Induced by Continuous Maps ...................... 197
Homotopy Equivalence ............ ... ... .. i, 200
Higher Homotopy Groups . ....... ..., 208
Categoriesand Functors .. .. ... ... ... 209
Problems .. ... . .. 214
The Circle. .. ... .. e 217
Lifting Properties of the Circle ............... ... ... .. .. ... ..... 218
The Fundamental Group ofthe Circle .............................. 224
Degree Theory forthe Circle ......... .. ... ... ... i 227
Problems . ... ... e 230
Some Group Theory........ ... ... .. ... . . . i, 233
FreeProducts. ........ .. o 233
Free Groups . . ..o e 239
Presentations of Groups ... ...t i e 241
Free Abelian Groups. . ...t e 244
Problems ...... ... ... 248
The Seifert-Van Kampen Theorem. .. ............................ 251
Statement of the Theorem ............ ... . ... ... i ... 251
ApPliCationS . ... ... . 255
Fundamental Groups of Compact Surfaces .......................... 264
Proof of the Seifert—Van Kampen Theorem .......................... 268
Problems ... ... .. . .. 273



11 Covering Maps .. ............ it 277

Definitions and Basic Properties . ..., 278
The General Lifting Problem...................................... 283
The Monodromy Action. . ............ i, 287
Covering Homomorphisms ............... ... ... ... ... .......... 294
The Universal Covering Space . ..., 297
Problems . ... 302
12 Group Actions and CoveringMaps............................... 307
The Automorphism GroupofaCovering............................ 308
Quotients by Group ACHONS .. .........utuririiiiiaiieiieiiannn. 311
The Classification Theorem .................... ... ... . ... 315
Proper Group ACHIONS . . . ..o vttt e 318
Problems .. ... 334
13 Homology . . ... 339
Singular Homology Groups . ...t 340
Homotopy Invariance . ...t 347
Homology and the Fundamental Group ............................. 351
The Mayer—Vietoris Theorem .. ........ ..., 355
Homology of Spheres............ . i 364
Homology of CW Complexes . ..., 369
CohomoOlOgY . ..o 374
Problems . ... ... o 379
Appendix A: Reviewof Set Theory ......... ... ... ... ... . ...... 381
Basic COnCeptS . ... ..ttt e e 381
Cartesian Products, Relations, and Functions ........................ 384
Number Systems and Cardinality .............. ... ... ... ... ... 390
Indexed Families .. ....... .. ..o 391
Appendix B: Review of Metric Spaces ................................ 395
Euclidean Spaces . ... 395
A 33 13- A P 396
Continuity and CONVEIgENnCce . ... ....ovurreiiiit i, 398
Appendix C: Review of Group Theory ................................ 401
Basic Definitions . . .. ... oot 401
Cosets and Quotient Groups . ........ooviiiiiiiiiiiiiiaiaaan.. 403
Cychic GIOUPS .« o\t vt 405
ReferenCeS . . . . o oottt 407
NotationIndex .. ........ .. ... it 409

Subject INdeX .. ........ i 413



