Contents

Partl Preliminaries

1

3

INtroduction ... e e e rrieeereerenreareennans
1.1  Classical Bifurcation Versus Bifurcation Without Parameters .....
1.2 Manifolds of Equilibria .........ccooovviiviiiiiiiiiiiiiiiin,
1.2.1 Conserved QUantities .......cocoenerreiieerrerenserrrsonsnnes
1.2.2 EQuivariances ..........ccvcveiiiniiiiierniinniiiiiinnnns
1.2.3 Reversibilities «.ooovviriiiiiiiiiiiiiiiiiaiiiiirii e

1.2.4 Singular Perturbations ..
1.2.5 Perturbing the Manifold

1.2.6 COSYMIMELTIES + . .evuvinrieiiriinererreeiuiinenneaiieresenenses
1.3 Classification of Bifurcation Types........ccccvvvivririiiiciineinnnn,

1.3.1 Codimension One .......c.covevviviniiiniininiiiniiniiiinne,

1.3.2 Codimension TWO ......covviiiiiiiiiiiiiiiiiiiiiiin
14 Further Cases ....cccoveiiiniiiiiiiiiiniieiiiiinrieieiiasiiseeinerens
Methods and Concepts...........ccocviiiiiiiiiiininieiiniiiiiiiiniiee,
2.1 CenterManifolds.....coooeiiiiiiiiiiiiiiiiiiiiii e
22 Normal FOrmS ......cvviiiuiiiiiiiiiiiiiiiieiiieiieieiiiieeraaaen,
2.3 Normal Forms with Manifolds of Equilibria........................
W € T ¢ 1) 1
2.5 Unfoldings and Codimension...........cooeiiniiennnniiniiai..
2.6 Rescalingand Blow Up .....coooviiiiiiiiniiiiiiniiiinnnnn,
CoSymIEtries ........ooevtviiriniiiiiiiiiii i eeas

PartIl Codimension One

4

Transcritical Bifurcation

4.1
42

The GeneriC CaSe. .. uuunurenrerneereeeesesseeeeesonererananenssanes

Additional Reflection Symmetry

OO~ WW



viii Contents

5 Poincaré-Andronov-Hopf Bifurcation..................oooiin,
6 Application: Decoupling in Networks ..............oooviiiiiiiiiiiinnne,

7  Application: Oscillatory Profiles in Systems of Hyperbolic
Balance Laws............cociiiiiiiiiiiiiiiii e

PartIII Codimension Two

8 Degenerate Transcritical Bifurcation.......................oooieene
8.1  Families of Lines of Equilibria: Singular Drift .....................
8.2  Families of Lines of Equilibria: Fold..............coooiiniinnns
8.3 Planes of Equilibria ........coooviviiiiiiiiiiiiiiiiis

9  Degenerate Poincaré-Andronov-Hopf Bifurcation......................
9.1  Families of Lines of Equilibria: Singular Drift .....................
9.2  Families of Lines of Equilibria: Fold .............oooiiiiiinns
9.3  Planes of Equilibria ...................... P

10 Bogdanov-Takens Bifurcation.................ccooviiiciiiiiiiiiiiiinnen
10.1 Normal FOIm «..viniei v i ane e
10.2 Integrable COre ..oevvenrreteineiiireeeiiareerananeeraaneeineaeinnnes
103 PoinCar FIOW ....ouvevniniiiiiiiieiiieiiin et iieinirneenens
10.4 Elliptic Integrals and the Ricatti Equation .................oooeeie
10.5 Discussion of the Poincaré FIow ..........ccciviiiiiiiiiinianaennes
10.6 Poincaré Return Map and Bounded Solutions .................oc.et

11 Zero-HopfBifurcation .............coovvviiiiiiiiriiiiiiriineeiiceiinanss

12 Double-Hopf Bifurcation .............co.ovviiiiiiiiiiiereroineninieiinness
12.1 Family of Lines of Equilibria.........cccoceeiiiiniiiiiniiinens
122 Plane of Equilibria .......cocoevrvrineiniiiiiiiiiiiiiieeas

13 Application: Cosmological Models of Bianchi Type,
the Tumbling Universe ..........ocooeviiiiiiniiniiiiiiioenieiecnennennees

14 Application: Fluid Flow in a Planar Channel, Spatial
Dynamics with Reversible Bogdanov-Takens Bifurcation .............
14.1 Fully Symmetric Case.......ocevvninnniiiniinneraieeranaareaneeenees
142 Symmetry-Breaking Perturbations ...............ocveiiiiiionennn.

Part IV Beyond Codimension Two

15 Codimension-One Manifolds of Equilibria ........................oeee.

16 Summaryand QutlooK...............cooviiiiiiiiiiiiiniiieeeeeanenes
16.1  Singularity TheOTY «...c..ooiviiiiiiiriiiiiiie et eeieieeeeeaeeens
16.2 Symmetries



Contents

16.3 Global Bifurcation......oveerivrivieererinneacererercererssissarsenes
164 RECUITENCE . .o ieiireireietrnrieraneetreanansiassseseestrsessissrsnanss

References

ix



