
Contents

Contents of companion volume

Angular Momentum in Quantum Physics: Theory and Application

by L. C. Biedenham and J. D. Louck

(ENCYCLOPEDIA OF MATHEMATICS AND

ITS APPLICATIONS, Volume 8)........................xiii

Editor’s Statement......................................xix

Section Editor’s Foreword.................................xxi

Preface.............................................xxiii

Acknowledgments......................................xxvii

Introduction by George W. Mackey..........................xxix

Chapter 1 Introduction ...................................1

Chapter 2 Algebraic Structures Associated with Wigner and

Racah Operators................................6

1. Introduction and Survey...........................6
2. Notational Preliminaries...........................9

3. Fundamental Wigner Operators.....................14

4. Properties of Unit Tensor Operators..................17

5. Coupling of Unit Tensor Operators..................22

6. Consequences of Associativity......................30

7. A Characterization of Racah-Wigner Algebra...........32
8. Notes.......................................40

9. Appendix: Orthogonality of the Racah Invariant

Operators......... 43
References....................................44

Chapter 3 Null Space Properties and Structure Theorems for

RW-Algebra ..................................47

1. The Pattern Calculus ............................47

2. Structural Results for the General [SU/{ 2)]

Wigner Operator...............................52

3. Null Space Aspects of Wigner Coefficients.............71

4. The Possibility of Defining RW-Algebras for Symmetries

Other Than Angular Momentum....................80
5. Note........................................82

vii



Contentsviii'

6. Appendices...................................85

A. Determination of P k from Its Characteristic Zeros.....85

B. Symbolic Forms of the Wigner Coefficients .........87
References....................................89

Chapter 4 W-Algebra: An Algebra of Invariant Operators...........90

1. Introduction ..................................90

2. Wigner Operators for the Direct Product Group

SU(2)XSU(2) .................................91

3. Construction of the W-Algebra.....................98

4. Null Space Properties and Structure Theorems for

W-Algebra...................................118

5. The Matrix Boson Realization of Unit Racah Operators ... 124
6. Notes ............................~........131

7. Appendices..................................138
A. Canonical Form of the Racah Coefficients.........138

B. Proof of the Reflection Symmetry Property of the P k . . 143

C. Determination of P k from Its Zeros..............145

D. Symbolic Forms of the Racah Coefficients.........153
References...................................155

Chapter 5 Special Topics................................157

Topic 1. Fundamental Symmetry Considerations..............157

Survey......................................157

1. The Wigner Theorem on Symmetry Transformations

in Quantum Mechanics..........................157

2. Proof of the Wigner Theorem......................160

3. Extension of the Wigner Theorem: Relation to the

Fundamental Theorem of Projective Geometry .........164

4. Implications for Rotational Symmetry ...............169
5. Time Reversal ................................174

6. Time Reversal and Rotations; The Frobinius-Schur

Invariant....................................179

7. The Univalence Superselection Rule for Angular
Momentum..................................186

8. The Transformation of Eigenfunctions under Anti-unitary

Operators: Corepresentations......................191

9. Concluding Remark....................•........195

10. Notes ......................................196

References...................................198



Contents ix

Topic 2. Monopolar Harmonics..........................201

1. Introduction and Survey.........................201

2. The Defining Physical Problem ....................202

3. Reformulation of the Problem.......... 213

4. Further Discussions ............................219

5. Notes ......................................221

6. Addendum. Minimum Coupling and Complex
Line Bundles.................................227

References...................................242

Topic 3. A Minimal Realization of Angular Momentum States:

The Symplecton...............................243

1. Preliminary Remarks ...........................243

2. The Symplecton Realization of S’ U(2) ................245
3. Notes ......................................251

4. Appendices..................................254

A. Definition of the Characteristic Eigenpolynomials ‘5’"' . 254

B. Multiplication Law for the Eigenpolynomials tyj" .... 255

C. Basis Property of the Eigenpolynomials ‘$J n ........257
References...................................258

Topic 4. Algebraic Aspects of Physical Tensor Operators.........258
References...................................265

Topic 5. Complex Angular Momenta, Regge Trajectories, and

Regge Poles..................................265

1. Physical Motivation ............................265

2. The Regge Treatment of Nonrelativistic Potential

Scattering ...................................266

3. An Illustrative Example..........................270

4. The Mandelstem-Chew Viewpoint..................272

5. The Irreducible Representations of SU(l, l) 1 ...........275

6. Concluding Remarks............................281
7. Notes ......................................281

References...................................282

Topic 6. Radial Integrals and the Lie Algebra of SU(l, 1) ........284

1. Introduction .................................284

2. Associated Laguerre Functions and the Lie Algebra

of the Groups 17(1,1)...........................285

3. Integrals Involving Associated Laguerre Functions.......287

4. Iteration Method for Deriving the Integrals............291



x Contents

5. Further Properties of Generalized Wigner Coefficients ....293

6. Interpretation of Integrals in Terms of the Lie Algebra

of SU(\,\) ...................................295

7. Interpretation of Integrals in Terms of

Tensor Operators..............................297

8. Radial Integrals for the Harmonic Oscillator and

the Coulomb Potentials..........................300

Appendix: Summary of Properties of Associated

Laguerre Polynomials and Functions.......304
References...................................306

Topic 7. Uncertainty Relations for Angular Momentum .........307

1. The Role of the Uncertainty

Relations....................................307

2. Résume of the Position-Momentum Uncertainty Relation . .309

3. Uncertainty Relations for Angular Momentum in
Two Dimensions ..............................313

4. Uncertainty Relations for Angular Momentum in

Three-Dimensional Space ........................323
5. Notes ......................................349

References...................................351

Topic 8. Interrelations between Angular Momentum Theory and

Projective Geometry............................353

1. Introductory Survey............................353

2. Racah Coefficient as a Complete Quadrilateral .........355

3. Robinson’s Interpretation........................359
4. Further Results ...............................363

5. Wigner and Racah Coefficients as Magic Squares........366
References...................................368

Topic 9. Physical Interpretation and Asymptotic (Classical) Limits

of the Angular Momentum Functions................369

1. Introductory Remarks...........................369

2. Physical Interpretation of the Rotation Matrix Elements

(Representation Coefficients)......................370

3. Physical Interpretation of the Wigner Coefficients.......371

4. Physical Interpretation of the Racah Coefficients........376
5. The Nature of the Classical Limit...................381

6. The Ponzano-Regge Asymptotic Relations for the

6 -j Symbol...................................384

7. Symmetry Properties............................385

8. Proof of the Ponzano-Regge Relation................388



Contents xi

9. Asymptotic Forms Valid in the Transition and Classically

Unallowed Regions.............................400

10. Asymptotic Forms for the Representation Coefficients

(Rotation Matrices) ............................403

11. Concluding Remarks............................410
12. Notes ......................................413

References...................................414

Topic 10. Nontrivial Zeros of the 3-j and 6-j Symbols............415
References...................................428

Topic 11. The Relationship between Generalized Hypergeometric

Functions and the Racah-Wigner Coefficients..........429
References...................................434

Topic 12. Coupling of TV Angular Momenta: Recoupling Theory . . . .435

1. Introduction .................................435

2. The Multiplicity Problem and Recoupling Theory .......438

3. The Enumeration of Binary Coupling Schemes .........440

4. Binary Couplings and Binary Trees..................443

5. Modification of the Enumerating Problem.............445

6. The Basic Structures Underlying Transformation
Coefficients..................................450

7. The Classification Problem for Transformation

Coefficients........................... 459

8. A Mapping of Pairs of Labeled Binary Trees to

Cubic Graphs.................................461

9. Classification of Transformation Coefficients by Use of

Cubic Graphs.................................469

10. Notes ......................................477

References...................................480

Appendix of Tables .....................................482

List of Symbols........................................489

Author Index..........................................515

Subject Index 519


	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]


