Contents

Introduction ... ... e e e 1

Part I Description and Properties of Multipliers

1 Trace Inequalities for Functions in Sobolev Spaces ......... 7
1.1 Trace Inequalities for Functions in wi* and W{™ ............. 7
11.1 TheCasem=1.......ciureriuiurrineinrennnnnn.. 7
112 TheCase m > 1. i e iieea 12
1.2 Trace Inequalities for Functions in wy* and W*, p>1....... 14
1.2.1 Preliminaries ...........coiiiiiiiiiiiiiiiin. 14
1.2.2 The (p,m)-Capacity ..........voieviieiiiianaa.. 16
1.2.3 Estimate for the Integral of Capacity of a Set Bounded
byalLevel Surface ...... ... oo 19
1.2.4 Estimates for Constants in Trace Inequalities ......... 22
1.2.5 Other Criteria for the Trace Inequality (1.2.29)
withp>1... 25
1.2.6 The Fefferman and Phong Sufficient Condition ........ 28
1.3 Estimate for the L,-Norm with respect to an Arbitrary
DL 2T 1513 - Y U OO 29
131 Thecase 1 <P <@ oot iiiiia e, 30
132 Thecasegq<p<n/m ..oooiiiiiiiiiiiiiiianan... 30
2  Multipliers in Pairs of Sobolev Spaces ......... e 33
2.1 Introduction ..........oiniiiiiiii i 33
2.2 Characterization of the Space M(W]* - W}) ............... 35
2.3 Characterization of the Space M(W)* — W})forp>1....... 38
2.3.1 Another Characterization of the Space M(W* — W})
forO<l<m,pm<n,p>1....................... 43
2.3.2 Characterization of the Space M(W* — W})
forpm>n,p>1 ..o 47
v

Bibliografische Informationen digitalisiert durch EI H
http://d-nb.info/989198820 f\B I T


http://d-nb.info/989198820

V1 Contents

2.3.3 One-Sided Estimates for Norms of Multipliers

intheCasepm <mn...... ... i, 48
2.3.4 Examples of Multipliers ............. ... ... ... . ... 49
2.4 The Space M(W"(RT) —» WLRTE)) «.ooovvnniieiinnn, 50
2.4.1 Extension from a Half-Space . ....................... 50
242 TheCasep>1 oot e 51
243 TheCase p=1 ... ittt 53
2.5 The Space M(W;» - W,;5) ... 54
2.6 The Space MW - WL ... 57
2.7 Certain Properties of Multipliers .......................... 58
2.8 The Space M(w' = Wh) .. oovneii i 60
2.9 Mulitipliers in Spaces of Functions with Bounded Variation.... 63
2.9.1 The Spaces Mbvand MBV ........................ 66
3 Multipliers in Pairs of Potential Spaces .................... 69
3.1 Trace Inequality for Bessel and Riesz Potential Spaces ....... 69
3.1.1 Properties of Bessel Potential Spaces................. 70
3.1.2 Properties of the (p,m)-Capacity .................... 71
313 MainResult ....... ...l 73
3.2 Description of M(HY* — H}) ........oooiiiiiiiiiiiiiin, 75
3.2.1 Auxiliary Assertions ......... ...t 75
3.2.2 Tmbedding of M(H;* — H}) into M(H;,"”l —Lp)..... 76
3.2.3 Estimates for Derivatives of a Multiplier.............. 78
3.2.4 Multiplicative Inequality for the Strichartz Function ... 79
3.2.5 Auxiliary Properties of the Bessel Kernel Gy .......... 80
3.2.6 Upper Bound for the Norm of a Multiplier............ 81
3.2.7 Lower Bound for the Norm of a Multiplier............ 85
3.2.8 Description of the Space M(H* — H}) .............. 86
3.29 Equivalent Norm in M(H? — H}) Involving
the Norm in me/(m—l) ............................. 87
3.2.10 Characterization of M(H — H}), m > I, Involving
the Norm in Ly ynif - oo o vvvvrnmreiineeeiaeeeeen 89
3.2.11 The Space M(H™ — Hl) formp>n ................ 95
3.3 One-Sided Estimates for the Norm in M(H* — H}) ......... 95
3.3.1 Lower Estimate for the Norm in M(H* — Hzl»)
Involving Morrey TypeNorms ...................... 96
3.3.2 Upper Estimate for the Norm in M(H* — HY)
Involving Marcinkiewicz Type Norms ................ 96
3.3.3 Upper Estimates for the Norm in M(H;* — H})
Involving Norms in Hj . ....... e 98
3.4 Upper Estimates for the Norm in M(H}* — H,) by Norms
in Besov Spaces ........o i 99
34.1 Auxiliary Assertions .......... ... ... o i 99

3.4.2 Properties of the Space BY , .....................0. 103



Contents VII

3.4.3 Estimates for the Norm in M(H;* — H})

by the Normin B o, ... 108
3.4.4 Estimate for the Norm of a Multiplier in M H;,(]R‘)
by the g-Variation ......... ... .. ... i i 110
3.5 Miscellanecus Properties of Multipliers in M(H, = Hzl)) ..... 111
3.6 Spectrum of Multipliers in H}, and Hz;l .................... 115
3.6.1 Preliminary Information............. .. ... .. ....... 115
3.6.2 Facts from Nonlinear Potential Theory ...............117
3.6.3 Main Theorem .......... .0t 118
3.6.4 Proof of Theorem 3.6.1........... e 120
3.7 The Space M(AT' = hb)..... ... ..., 122
3.8 Positive Homogeneous Multipliers ......................... 125
3.8.1 The Space M(H™(0B1) —» Hy(0B1)) ..o .. 125
3.8.2 Other Normalizations of the Spaces hZ' and H*.... ... 127
3.8.3 Positive Homogeneous Elements of the Spaces
M(hyt — hi,) and M(H}* — H}l,) .................... 130
The Space M(B* — Bl) withp>1....................... 133
4.1 Introduction ..........ecniiiemrerr i . 133
4.2 Properties of Besov Spaces............ ... ... i 134
4.2.1 Surveyof Known Results........................... 134
4.2.2 Properties of the Operators Dy and Dpy ..o 136
4.2.3 Pointwise Estimate for Bessel Potentials.............. 138
4.3 Proofof Theorem 4.1.1... ... ... ..., 141
4.3.1 Estimate for the Product of First Differences.......... 141
4.3.2 Trace Inequality for B;f ,p>l 143
4.3.3 Auxiliary Assertions Concerning M(By* — Bl) ....... 145
4.3.4 Lower Estimates for the Norm in M(B;* = Bl)....... 146
4.3.5 Proof of Necessity in Theorem 4.1.1.................. 149
4.3.6 Proof of Sufficiency in Theorem 4.1.1 ................ 155
437 TheCasemp>n ..o, 164
4.3.8 Lower and Upper Estimates for the Norm
imM(BP—BL) oo 165
4.4 Sufficient Conditions for Inclusion into M(W;* — W‘)
with Noninteger mand{ ... ............ e 166
44.1 Conditions Involving the Space BY , ............ ....166
4.4.2 Conditions Involving the Fourier Transform........... 168
4.4.3 Conditions Involving the Space Bf , ........... ... .. 170
4.5 Conditions Involving the Space H., Jm e 173

4.6

Composition Operator on M (W, — Wz’,) ................... 174



VIIT  Contents

5 TheSpace M(BT* > BY) ..., 179
5.1 Trace Inequality for Functions in BY(R™) ................... 179
51.1 Auxiliary Facts ........... ... . .. . il 180
51.2 MamResult ...... .. . i 183

5.2 Properties of Functions in the Space BF(R™) ................ 185
5.2.1 'Trace and Imbedding Properties..................... 185
5.2.2 Auxiliary Estimates for the Poisson Operator ......... 189

5.3 Descriptions of M(B* — B}) with Integer I ................ 193
531 ANormin M(BPP = B) ..ot 194
5.3.2 Description of M(B7* — B!) Involving D1 .. ......... 199
5.3.3 M(BT(R™) — B{(R™)) as the Space of Traces ........ 201
5.3.4 Interpolation Inequality for Multipliers............... 202

5.4 Description of the Space M (BT — B!) with Noninteger [ ....203
5.5 Further Results on Multipliers in Besov and Other Function

SDACES . ottt e 206
5.5.1 Peetre’s Imbedding Theorem........................ 206
5.5.2 Related Results on Multipliers in Besov
and Triebel-Lizorkin Spaces......................... 208
5.5.3 Multipliers in BMO . ........ . i, 210
6 Maximal Algebras in Spaces of Multipliers ................ 213
6.1 Introduction ........... ... ... i 213
6.2 Pointwise Interpolation Inequalities for Derivatives........... 214
6.2.1 Inequalities Involving Derivatives of Integer Order ... .. 214

6.2.2 Inequalities Involving Derivatives of Fractional Order .. 215

6.3 Maximal Banach Algebra in M(W* — W}y ....... e 220
631 TheCasep>1 ... i 220
6.3.2 Maximal Banach Algebra in M(W™ —W}) .......... 224

6.4 Maximal Algebra in Spaces of Bessel Potentials ............. 227
6.4.1 Pointwise Inequalities Involving the Strichartz

Function ... ... e 227

6.4.2 Banach Algebra AT ... ... ... ... 231

6.5 Imbeddings of Maximal Algebras .......................... 233

7 Essential Norm and Compactness of Multipliers ........... 241

7.1 Auxiliary Assertions ......... ... .. i 243

7.2 Two-Sided Estimates for the Essential Norm. The Case
> L e 248
7.2.1 Estimates Involving Cutoff Functions ................ 248
7.2.2 Estimate Involving Capacity (The Case

mp<n,p>1).................... P 250
7.2.3 Estimates Involving Capacity (The Cas
MP=n, 0> 1) 257

724 Proofof Theorem 7.0.3 ........ ... ... 0 eeureu... 261

7.2.5 Sharpening of the Lower Bound for the Essential
NormintheCasem >, mp<n,p>1.............. 262



Contents IX

7.2.6 Estimates of the Essential Norm for mp > n, p > 1

andforp=1 ... ... . 263
7.2.7 One-Sided Estimates for the Essential Norm ........ .. 266
7.2.8 The Space of Compact Multipliers................... 267
7.3 Two-Sided Estimates for the Essential Norm
intheCasem=1 .... ... . . i i, 270
7.3.1 Estimate for the Maximum Modulus of a Muitiplier
in W} by its Essential Norm ........................ 270
7.3.2 Estimates for the Essential Norm Involving Cutoff
Functions (The Case lp<n,p>1).......... A 272
7.3.3 Estimates for the Essential Norm Involving Capacity
(The Caselp<mn,p>1) ..o 277
7.3.4 Two-Sided Estimates for the Essential Norm
inthe Caseslp>n,p>1,andp=1................ 278
7.3.5 Essential Norm in M W’ ............................ 281
Traces and Extensions of Multipliers....................... 285
8.1 Imtroduction .............ooiieniiiin it 285
8.2 Multipliers in Pairs of Weighted Sobolev Spaces in R} ....... 285
8.3 Characterization of M(W/# — W) ...................... 288
8.4 Auxiliary Estimates for an Extension Operator.............. 292
8.4.1 Pointwise Estimates for Tyand VIy ................ 292
8.4.2 Weighted L,-Estimates for Ty and VI'y ......... ... 204
8.5 Trace Theorem for the Space M(WEP — W2e) .. .......... 297
851 TheCasel <l.......c. i, 208
852 TheCasel>1.. . i iiieiiiaan, 301
8.5.3 Proofof Theorem 851 forI>1... .. ... ... ........ 303
8.6 Traces of Multipliers on the Smooth Boundary of a Domain. . . 304

8.7

8.8

8.9

MW](R™) as the Space of Traces of Multipliers in the

Weighted Sobolev Space WF (R™™) .................. .. 305
8.7.1 Preliminaries ............. i i, 305
8.7.2 A Property of Extension Operator .................. 306
8.7.3 Trace and Extension Theorem for Multipliers ......... 308
8.7.4 Extension of Multipliers from R™ to R}F' ... .. ..., 311
8.7.5 Application to the First Boundary Value Problem
inaHalf-Space......... ... .. il i 311
Traces of Functions in MWi(R™™) on R™ ................. 312
8.8.1 Auxiliary Assertions ............c i, 313
8.8.2 Trace and Extension Theorem ...................... 315
Multipliers in the Space of Bessel Potentials as Traces
of Multipliers .. .. ... i e 319
8.9.1 Bessel Potentials as Traces ......................... 319

8.9.2 An Auxiliary Estimate for the Extension Operator 7 .. 320
8.9.3 MH! asa Space of Traces .......................... 322



X

Contents

Sobolev Multipliers in a Domain, Multiplier Mappings

and Manifolds .......... ... .. ... .. 325
9.1 Multipliers in a Special Lipschitz Domain................... 326
9.1.1 Special Lipschitz Domains . ......................... 326
9.1.2 Auxiliary Assertions ................ .. ... . ... ... .. 326
9.1.3 Description of the Space of Multipliers ............... 329
9.2 Extension of Multipliers to the Complement of a Special
Lipschitz Domain. ........... ... .. ... i 332
9.3 Multipliers in a Bounded Domain.......................... 336
9.3.1 Domains with Boundary in the Class C%! ... ...... ... 336
9.3.2 Auxiliary Assertions ...............oiiiiiiiian.. 337
9.3.3 Description of Spaces of Multipliers in a Bounded
Domain with Boundary in the Class C%1 . ... ......... 339
9.3.4 Essential Norm and Compact Multipliers
in a Bounded Lipschitz Domain ..................... 340
9.3.5 The Space M L}(§2) for an Arbitrary
Bounded Domain.......... ... ... ... ... ... ... 346
9.4 Change of Variables in Norms of Sobolev Spaces............. 350
9.4.1 (p,l)-Diffeomorphisms...............cvoiiiiann... 350
9.4.2 More on (p,!)-Diffeomorphisms...................... 352
9.4.3 A Particular (p,1)-Diffeomorphism................... 353
944 (p,)-Manifolds............. ... ... il 356
9.4.5 Mappings Tp"‘” of One Sobolev Space into Another .. .. 357
9.5 Implicit Function Theorems....................... ... ... 364
9.6 The Space M(W;*(2) > Wi(£2)) ..., 367
9.6.1 Auxiliary Results.......... R T 367
9.6.2 Description of the Space M(W;*(£2) — W) ....... 369

Part I1 Applications of Multipliers to Differential and Integral

Operators
10 Differential Operators in Pairs of Sobolev Spaces .......... 373
10.1 The Norm of a Differential Operator: W;‘ — W;“k .......... 373
10.1.1 Coefficients of Operators Mapping Wl? into WZ“’“
asMultipliers . .. ... ... ... . . e 374
10.1.2 A Counterexample. .. ..............oiviiiininenn.. 378
10.1.3 Operators with Coefficients Independent
of Some Variables ......... ... ... ... ... . .. ..., 379
10.1.4 Differential Operatorsona Domain.................. 382
10.2 Essential Norm of a Differential Operator................... 384
10.3 Fredholm Property of the Schrodinger Operator ............. 386

10.4 Domination of Differential Operatorsin R™ ................. 387



11

12

13

Contents

Schrédinger Operator and M(w) — w3 ) .....oovnen. ...
11.1 Introduction ........ ..ot e e
11.2 Characterization of M (w3 — w; ') and the Schrédinger
Operator on Wl . ...
11.3 A Compactness Criterion ........ ... .. ..o,
11.4 Characterization of M(W4 — Wy 1) ... ... .......... .
11.5 Characterization of the Space M (W3 (£2) — wy; *(2)) .........

11.6 Second-Order Differential Operators Acting from w3 to w; !

Relativistic Schrédinger Operator

and M(W22 > wy M3y oo TR

12.1 Auxiliary Assertions ......... ... ... . .o i, e
12.1.1 Main Result ... ... .

12.2 Corollaries of the Form Boundedness Criterion and Related
Results. ..o

Multipliers as Solutions to Elliptic Equations ..............
13.1 The Dirichlet Problem for the Linear Second-Order Elliptic
Equation in the Space of Multipliers . ... .. e
13.2 Bounded Solutions of Linear Elliptic Equatxons
as Multipliers . .....ocviiin e
13.2.1 Introduction ....... ..ot i
1322 The Case B> 1 .ot iiii e ci s
1323 TheCase B=1 .. .. i,
13.2.4 Solutions as Multipliers from W, o p)(Q) into W3 ,(R2) .
13.3 Solvability of Quasilinear Elliptic Equations in Spaces
of Multipliers ....... .. . i e
13.3.1 Scalar Equations in Divergence Form ................
13.3.2 Systems in Divergence Form ........................
13.3.3 Dirichlet Problem for Quasilinear Equations
in Divergence Form ... .. e
13.3.4 Dirichlet Problem for Quasilinear Equations
in Nondivergence Form.............................
13.4 Coercive Estimates for Solutions of Elhptlc equations
in Spaces of Multipliers ........... ... . ... .. i,
13.4.1 The Case of Operators in R™ .......................
13.4.2 Boundary Value Problem in a Half-Space.............
13.4.3 On the L. -Norm in the Coercive Estimate ...........
13.5 Smoothness of Solutions to Higher Order Elliptic Semilinear
WSS « ittt e,
13.5.1 Composition Operator in Classes of Multlphers .......
13.5.2 Improvement of Smoothness of Solutions to Elliptic
Semilinear Systems . .......... .. ... i ...

477



X1t

14

15

Contents

Regularity of the Boundary in L,-Theory of Elliptic
Boundary Value Problems ............... ... ..o
14.1 Descriptionof Results......... ... .. .. o it
14.2 Change of Variables in Differential Operators ...............
14.3 Fredholm Property of the Elliptic Boundary Value Problem . ..
14.3.1 Boundaries in the Classes M, /%, Wi '/%,
and M;,‘I/p(é) ................................ e
14.3.2 A Priori Ly-Estimate for Solutions and Other
Properties of the Elliptic Boundary Value Problem .. ..
14.4 Auxiliary Assertions ........... ..ol il
14.4.1 Some Properties of the Operator 7 ..................
14.4.2 Properties of the Mappings Aand » .................
14.4.3 Invariance of the Space W}, N W;‘ Under a Change
of Variables........ .. .. ... L. L
14.4.4 The Space W, k for a Special Lipschitz Domain . ......
14.4.5 Auxiliary Assertions on Differential Operators
in Divergence Form . ........ ... ... ... .ol
14.5 Solvability of the Dirichlet Problem in WA(£2) ...............
14.5.1 Generalized Formulation of the Dirichlet Problem .....
14.5.2 A Priori Estimate for Solutions of the Generalized
Dirichlet Problem ...... ... ... ... . i i
14.5.3 Solvability of the Generalized Dirichlet Problem.......
14.5.4 The Dirichlet Problem Formulated in Terms of Traces. .
14.6 Necessity of Assumptions on the Domain ...................
14.6.1 A Domain Whose Boundary is in M2/% 0 C?

but does not Belong to Mg/ 2((5) .....................

14.6.2 Necessary Conditions for Solvability of the Dirichlet
Problem. ... ... ...
14.6.3 Boundaries of the Class My /P(8)...................
14.7 Local Characterization of M} YP(8) .......................
14.7.1 Estimates for a Cutoff Function .....................
14.7.2 Description of M}~ '/?(§) Involving a Cutoff Function . .
14.7.3 Estimate for s;
14.7.4 Estimate for sy
14.7.5 Estimate for s3

....................................

....................................

Multipliers in the Classical Layer Potential Theory
for Lipschitz Domains
151 Introduction . ... e
15.2 Solvability of Boundary Value Problems in Weighted Sobolev
Spaces ...... et et
15.2.1 {p,k,a)-Diffeomorphisms ................ccooeiin...
15.2.2 Weak Solvability of the Dirichlet Problem
15.2.3 Main Result :

.....................................



Contents  XIII

15.3 Continuity Properties of Boundary Integral Operators........ 547
15.4 Proof of Theorems 15.1.1and 15.1.2 ....... .. ... ... .. ..., 551
15.4.1 Proof of Theorem 15.1.1. .. ... ... .. .. ... ... ... 551
15.4.2 Proof of Theorem 15.1.2................... e 557
15.5 Properties of Surfaces in the Class Alﬁ (0) oo 559
15.6 Sharpness of Conditions Imposedon 802....... ... ... ... .. 562
15.6.1 Necessity of the Inclusion 92 € W;,"
in Theorem 15.2.1 ... ... ... i, 562
15.6.2 Sharpness of the Condition 82€ BS, ,............... 563
15.6.3 Sharpness of the Condition 842 € MY(5)
in Theorem 15.2.1 . ... ... . ..., 564
15.6.4 Sharpness of the Condition 812 € ME(5)
in Theorem 15.1.1 ... .. ... ... ... 566
15.7 Extension to Boundary Integral Equations of Elasticity....... 568
16 Applications of Multipliers to the Theory of Integral
Operators ........... it e 573
16.1 Convolution Operator in Weighted L2-Spaces ............... 573
16.2 Calculus of Singular Integral Operators with Symbols
in Spaces of Multipliers ........... ... ... i, 575
16.3 Continuity in Sobolev Spaces of Singular Integral Operators
with Symbols Dependingonx ........... ... ... ... ... 579
16.3.1 Function Spaces . ........ooiuiiieenneiinnnennnn, 580
16.3.2 Description of the Space M(H™* — H"») ... ...... 582
16.3.3 Main Result ..., 585
16.3.4 Corollaries......... e e e e e 588
References............... i, e 591
Listof Symbols ...... ... ... i e 605

Author and Subject Index ... ....... ... ... Lo il 607



	IDN:989198820 ONIX:04 [TOC]
	Inhalt
	Seite 1
	Seite 2
	Seite 3
	Seite 4
	Seite 5
	Seite 6
	Seite 7
	Seite 8
	Seite 9

	Bibliografische Informationen
	http://d-nb.info/989198820



