Contents

6 Random Sums .............. .. ...ttt 1
6.1 Basic notions and estimates............................... 2
6.1:a Symmetric random variables and randomisation . ...... 4
6.1.b Kahane’s contraction principle ...................... 9
6.1.c Norm comparison of different random sums........... 10
6.1.d Covariance domination for Gaussian sums ............ 15

6.2 Comparison of different LP-norms ......................... 17
6.2.a The discrete heat semigroup and hypercontractivity ... 18
6.2.b Kahane-Khintchine inequalities ..................... 21
6.2.c End-point bounds related top=0and g=o00 ........ 24

6.3 The random sequence spaces e?(X) and YP(X) .............. 26
6.3.a Coincidence with square function spaces when X = L9 . 28
6.3.b Dual and bi-dual of €§,(X) and yR(X) ............... 29

6.4 Convergence of random Series .............oovevnnnennnn... 33

6.4.a It6—Nisio equivalence of different modes of convergence . 33
6.4.b Boundedness implies convergence if and only if cg € X . 39

6.5 Comparison of random sums and trigonometric sums......... 42
6.6 Notes ...t e e e 46
7 Type, cotype, and related properties....................... 53
7.1 Typeand COtYPE .....oviuiiniee ittt eieie e 54
7.1.a Definitions and basic properties ..................... 54
7.1.b Basicexamples............ ... . i 56
7.1.c Type implies cotype ......ccvviiinniiiiennnnn. 63
7.1.d Type and cotype for general random sequences........ 66
7.1.e Extremality of Gaussians in (co)type 2 spaces......... 69

7.2 Comparison theorems under finite cotype ................... 73
7.2.a Summing operators .............c.ooeveuineriunenann. 74
7.2.b Pisier’s factorisation theorem ....................... 75
7.2.c Contraction principle with function coefficients . ....... 79

7.2.d Equivalence of cotype and Gaussian cotype ........... 81



xii

Contents

7.2.e Finite cotype in Banach lattices ..................... 85
7.3 Geometric characterisations................. ... 88
7.3.a Kwapieni’s characterisation of type and cotype 2....... 89
7.3.b Maurey-Pisier characterisation of non-trivial (co)type.. 96
T4 K-CONVEXity ....oovriiiin it iiae i ianeanns 109
7.4.a Definition and basic properties ...................... 109
7.4b K-convexity and type......... ..., 114
7.4.c K-convexity and duality of the spaces e5,(X) ......... 115
7.4.d K-convexity and interpolation ...................... 118
7.4.e K-convexity with respect to general random variables . . 120
7.4f Equivalence of K-convexity and non-trivial type....... 123
7.5 Contraction principles for double random sums.............. 129
7.5.a Pisier’s contraction property ............ ... ... 130
7.5.b The triangular contraction property ................. 136
7.5.¢c Duality and interpolation....................... ..., 140
7.5.d Gaussian version of Pisier’s contraction property ...... 142
7.5.e Double random sums in Banach lattices .............. 145
T o =T 146
R-boundedness .............coiiiiiiiniennenininnenneennenns 163
8.1 Basictheory .......couuiiiiiiiiiiniiiinrianninenena. 164
8.1.a Definition and comparison with related notions........ 164
8.1.b Testing R-boundedness with distinct operators ........ 168
8.1.c First examples: multiplication and averaging operators . 170
8.1.d R-boundedness versus boundedness on e (X)......... 177
8.1.e Stability of R-boundedness under set operations....... 178
8.2 Sources of R-boundedness in real analysis .................. 183
8.2.a Pointwise domination by the maximal operator........ 183
8.2.b Inequalities with Muckenhoupt weights............... 185
8.2.c Characterisation by weighted inequalities in LP........ 187
8.3 Fourier multipliers and R-boundedness ..................... 192
8.3.a Multipliers of bounded variation on the line........... 192
8.3.b The Marcinkiewicz multiplier theorem on the line ..... 197
8.3.c Multipliers of bounded rectangular variation .......... 200
8.3.d The product-space multiplier theorem................ 205
8.3.e Necessity of Pisier’s contraction property ............. 209
8.4 Sources of R-boundedness in operator theory................ 211
8.4.a Duality and interpolation............... ... .. ... ..., 211
8.4.b Unconditionality ............ .. oo, 214
8.5 Integral means and smooth functions....................... 217
8.5.a Integral means I: elementary estimates ............... 217
8.5.b The range of differentiable and holomorphic functions . . 221
8.5.c Integral means II: the effect of type and cotype ....... 225
8.5.d The range of functions of fractional smoothness ....... 231
8.6 Coincidence of R-boundedness with other notions............ 234



10

Contents xiii

8.6.a Coincidence with boundedness implies (co)type 2...... 234
8.6.b Coincidence with y-boundedness implies finite cotype . . 237
8.7 NOtES vttt 241
Square functions and radonifying operators................ 251
9.1 Radonifying operators.............. ... ... 252
9.1.a Heuristics . ... 252
9.1.b The operator spaces Yoo(H, X) and y(H,X) .......... 254
9.1.c Theideal property ............ccoiiiiiiiiiinennnnn. 260
9.1.d Convergence results. . .........covvrrrrneennennnnn.. 261
9.1.e Coincidence Yoo (H,X) =y(H,X) whencg Z X ....... 265
9.1.f Traceduality ...t 267
9.1.g Interpolation.............. ... .. i 269
9.1.h  The indefinite integral and Brownian motion.......... 271
9.2 Functions representing a v-radonifying operator ............. 275
9.2.a Definitions and basic properties ..................... 275
9.2.b Square integrability versus y-radonification ........... 278
9.2.c Trace duality and the y-Holder inequality ............ 282
9.3 Square function characterisations .......................... 284
9.3.a Square functions in LP-Spaces ... .........cuouvunrenn. 284
9.3.b Square functions in Banach function spaces ........... 287
9.4 Function space properties. .............ovuiiiennennennnn.. 293
9.4.a Convergence theorems ...............covueurnnnnnn. 293
9.4.b Fubini-type theorems .............................. 296
9.4.c Partitions, typeand cotype............... ..o ... 298
9.5 The vy-multiplier theorem ................................. 299
9.5.a Sufficient conditions for pointwise multiplication. .. .... 300
9.5.b Necessity of y-boundedness ......................... 303
9.6 Extensiontheorems............... ..o, 308
9.6.a General extensionresults ........................... 308
9.6.b R-bounded extensions via Pisier’s contraction property . 311
9.6.c H-bounded extensions via type and cotype............ 314
9.7 Function space embeddings ............ ... ..., 320
9.7.a Embedding Sobolevspaces ......................... 321
9.7.b Embedding Holder spaces .......................... 326
9.7.c Embeddings involving holomorphic functions. ......... 329
9.7.d Hilbert sequences............ccovviiiiiinnnnnnnn.. 337
0.8 Notes . ...ttt e 345
The H*°-functional calculus ............................... 359
10.1 Sectorial OPerators. ... ........uuevrvrnerre e ereenennnn., 360
10.1.a Examples .. .....ouuiiriiin i, 362
10.1.b Basic properties . ..........coiiiiiirii e, 364
10.2 Construction of the H®-calculus ...............ccouuur..n. 368

10.2.a The Dunford calculus .... ..o, 369



xiv

Contents
10.2.b The H®-calculus......... ... i 379
10.2.c Firstexamples .......... ..ottt iiiniiniiiiionnnn. 388
10.3 R-boundedness of the H®-calculus ............. .. ... ...... 398
10.3.a R-sectoriality ..........ccooviiiiniiniinennnnns 309
10.3.b The main R-boundednessresult ..................... 401
10.3.¢c Unconditional decompositions associated with A ...... 404
10.3.d Proofof the mainresult ............................ 406
10.4 Square functions and H®-calculus......................... 413
10.4.a Discrete square functions ... .......ccovvvvenrnennnnn 414
10.4.b Continuous square functions ......................u. 422
10.4.c The quadratic H®-calculus . ........................ 432
10.4.d Le Merdy’s theorem on the angle of the H*°-calculus .. 435
10.5 Necessity of UMD and Pisier’s contraction property.......... 440
10.6 The bisectorial H®-calculus ...........ccoiiiiiin... 446
10.6.a Bisectorial operators.............cciiiiiiiiiin.. 446
10.6.b Basic theory of the bisectorial calculus ............... 449
10.7 Functional calculus for (semi)group generators .............. 451
10.7.a The Phillipscalculus........... ..., 452
10.7.b Coifman-Weiss transference theorems................ 456
10.7.c Hieber—Priiss theorems on H*-calculus for generators . 461
10.7.d Analytic semigroups of positive contractions on LP ....462
10.8 NOLES . v vi ittt et ettt et e 468
Problems ... e 479
Probability theory ......... ... ... i 487
E.1 Random variables ..........coiiiiiiininiiiinnnnnnn. 487
E.l.a Modesof convergence ..........ccciviiiinnennennn. 488
E.1b Independence ......... ..., 491
E.1.c Characteristic functions ............... ..., 493
E.2 Gaussian variables............cciiiiiiiiiiiiiiiii i 495
E.2.a Multivariate Gaussian variables ..................... 498
E.2.b The central limit theorem .......................... 502
E.2.c The maximum of Gaussian variables ................. 505
T T ] P 509
Banach lattices ............ ...t 511
F.1 Definitions and basic properties ..............cciviiinnn... 511
F.2 The Krivine calculus .. ..o, 512
F.3 Lorentz spaces .........oviuiiriinnei et tiaeananns 514

O S 0 = J 517



Contents XV

G Semigroups of linear operators............................. 519
G.1 Unbounded linear operators...............oouuuomemnnnnn.. 519
G.2 Cp-8emMiBIOUPS .« o vttt e e e e e e e 523
G.3 The inhomogeneous abstract Cauchy problem ............... 531
G.4 The Hille-Yosida theorem ................................ 532
G.5 Analytic SEmigroups .. .........uuieie i, 536
G.6 Stone'stheorem ............ .. ... .. 543
G NOtES .« oottt 545
H Hardy spaces of holomorphic functions .................... 549
H.1 Hardy spaces on a Strip .........ooouiveeeeeneennnnn, 549
H.2 Hardy spacesonasector .....................ccuoiiinn, 552
H.3 The Franks—-McIntosh decomposition....................... 553
Hid Notes .. .ovii e e 559
I  Akcoglu’s theory of positive contractionson LP ............ 561
I.1 Isometricdilations............... ..., 561
I.2 Maximal ergodic averages ..............oovmeunnnnnn.... 569
L3 Notes ... 574
J Muckenhoupt weights ..................................... 577
J.1 Weighted boundedness of the maximal operator ............. 577
J.2 Rubio de Francia’s weighted extrapolation theorem . ......... 579
J3 NOtES Lottt 583
References........... ... ..o 585



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]


