
QUANTUM HALL EFFECTS 
Field Theoretical Approach 
and Related Topics 

Zyun Francis Ezawa 
i 

Tohoku University, Japan 

I 

V | | j World Scientific 
« • Singapore • New Jersey'London • Hong Kong 



XIX 

Contents 

Preface vii 

Part. I Quantum Field Theory 1 

1 Quantum Mechanics 3 
1.1 Hilbert Spaces 3 
1.2 Hamiltonian Formalism 4 
1.3 Creation and Annihilation Operators 6 
1.4 Uncertainty Principle 10 
1.5 Coherent States and Squeezed States 11 
1.6 Particle Number and Phase 14 
1.7 Macroscopic Coherence 16 

2 Quantum Field Theory * 18 
2.1 One-Body Hamiltonian 18 
2.2 Many-Body Hamiltonian 19 
2.3 Boson Field Operators 21 
2.4 Quantum Field Theory 22 
2.5 Fermion Field Operators 24 

3 Canonical Quantization 26 
3.1 Relativistic Particles and Waves 26 
3.2 Schrödinger Field 27 
3.3 Real Klein-Gordon Field 32 
3.4 Complex Klein-Gordon Field 37 
3.5 Nöther Currents 39 

4 Spontaneous Symmetry Breaking 41 
4.1 Ferromagnets 41 
4.2 Real Klein-Gordon Field 45 
4.3 Complex Klein-Gordon Field 49 
4.4 Sigma Model 51 



xx CONTENTS 

4.5 Schrödinger Field 53 
4.6 Superfluidity 57 
4.7 Goldstone Theorem 59 

5 Electromagnetic Field 63 
5.1 Maxwell Equations 63 
5.2 Canonical Quantization 66 
5.3 Interaction with Matter Field 71 
5.4 Anderson-Higgs Mechanism 73 
5.5 Massive Vector Field 75 
5.6 Superconductivity 77 

6 Topological Solitons 83 
6.1 Topological Sectors 83 
6.2 Classical Fields 85 
6.3 Solitary Waves, Kinks and Solitons 88 
6.4 Sine-Gordon Solitons 90 
6.5 Vortex Solitons 94 
6.6 Homotopy Classes 100 
6.7 Skyrmions in Planar Geometry 105 
6.8 C P N 1 Skyrmions 110 

7 Anyons 116 
7.1 Spin and Statistics 116 
7.2 Fractional Statistics 121 
7.3 Quantum Mechanics 122 
7.4 Aharonov-Bohm Effect 126 
7.5 Chern-Simons Gauge Theory 130 
7.6 Anyon Field Operators 134 

Part. II Monolayer Quantum Hall Systems 137 

8 Introduction 139 

9 Landau Quantization 153 
9.1 Planar Electrons 153 
9.2 Cyclotron Motion 157 
9.3 Hall Current 162 
9.4 Symmetric Gauge 163 
9.5 Landau Gauge 168 
9.6 Lowest-Landau-Level Condition 173 



CONTENTS xxi 

10 Quantum Hall Effects 176 
10.1 Incompressibility 176 
10.2 Integer Quantum Hall Effects 177 
10.3 Fractional Quantum Hall Effects 179 
10.4 Quasiparticles 181 
10.5 Hall Plateaux 185 

11 Quasiparticles and Activation Energy 187 
11.1 Impurity Potentials 187 
11.2 Gap Energies 188 
11.3 Dispersion Relation 192 
11.4 Thermal Activation 195 

12 Field Theory of Composite Particles 200 
12.1 Composite Particles 200 
12.2 Statistical Transmutation 203 
12.3 Effective Magnetic Field 206 
12.4 Dressed Composite Particles 209 
12.5 Composite Particles in Lowest Landau Level 213 
12.6 Composite Fermions in Lowest Landau Level 216 

13 Composite Bosons and Semiclassical Analysis 221 
13.1 Semiclassical Ground State 221 
13.2 Vortex Excitations 223 
13.3 Field Theory of Vortex Solitons 231 
13.4 Haldane-Halperin Hierarchy 234 

14 Quantum Hall Ferromagnets 238 
14.1 Spin Coherence 238 
14.2 Spin Degree of Freedom 240 
14.3 SU(2) Composite Bosons 242 
14.4 Wave Functions 243 
14.5 Spin Field, Sigma Field and CP1 Field 244 
14.6 Effective Hamiltonian 249 

15 Spin Textures 252 
15.1 Spin Excitations 252 
15.2 Skyrmions 256 
15.3 Skyrmion Energy 262 

16 Hierarchy of Fractional Quantum Hall States 268 
16.1 Jain Hierarchy 268 
16.2 Landau Levels of Composite Fermions 271 
16.3 Beyond Principal Sequences 273 



xxii CONTENTS 

16.4 Spin Polarization 276 
16.5 Gap Energies 280 

17 Edge Effects 285 
17.1 Shot Noises of Fractional Charges 285 
17.2 Chiral Edge Excitations 288 
17.3 Chiral Luttinger Liquid 290 
17.4 Electrodynamics on Edge 295 
17.5 Edge Tunneling and Sine-Gordon Solitons 299 

Part. Ill Bilayer Quantum Hall Systems 305 

18 Introduction 307 

19 SU(2) Pseudospin Structure 320 
19.1 Bilayer Planar Electrons 320 
19.2 Gate Bias Voltages 323 
19.3 Pseudospins 325 
19.4 Compound States 329 
19.5 Charge-Transferable States 333 
19.6 Phase Diagrams 337 

20 Bilayer-Locked States 340 
20.1 Composite-Boson Field 340 
20.2 Wave Functions 344 
20.3 Ground State 345 
20.4 Vortex Excitations 346 

21 Interlayer-Coherent States 349 
21.1 Interlayer Coherence 349 
21.2 Composite Bosons 350 
21.3 CP1 Field 353 
21.4 Ground State 354 
21.5 Goldstone Mode 356 
21.6 Pseudospin Textures 359 

22 Skyrmions in SU(4)-Invariant Regime 364 
22.1 SU(4)-Invariant Regime 364 
22.2 CP3 Skyrmions 368 
22.3 Spin-Skyrmions at v = 1 371 
22.4 Spin-Pseudospin Coherence at v = 2 375 
22.5 Compound State at v = 2 379 



CONTENTS xxiii 

23 Bilayer Quantum-Hall Junction 381 
23.1 Josephson-Like Phenomena 381 
23.2 Parallel Magnetic Field 382 
23.3 Effective Hamiltonian 385 
23.4 Commensurate-Incommensurate Phase Transition 390 
23.5 Josephson Junction versus Quantum-Hall Junction 396 
23.6 Plasmon Excitations 399 
23.7 Josephson-Like Effects 401 

Part. IV Algebraic Approach 405 

24 Introduction 407 

25 Lowest-Landau-Level Projection 412 
25.1 Quantum Mechanics 412 
25.2 Quantum Field Theory 415 
25.3 Magnetic Translation 418 
25.4 Moyal Algebra 421 
25.5 Edge States 424 

26 Quantum Hall Effects in Algebraic Approach 427 
26.1 Spinless Quantum Hall States 427 
26.2 Hall Current 429 
26.3 Nöther Currents 432 
26.4 WooxSU(2) Density Algebra 436 
26.5 Monolayer Quantum Hall Ferromagnets 437 
26.6 Spin Textures 439 

27 Effective Hamiltonian in Algebraic Approach 442 
27.1 Bilayer Quantum Hall States 442 
27.2 Static Correlation Functions 444 
27.3 Effective Hamiltonian for Coherent Modes 446 

28 Electric Currents in Bilayer Systems 452 
28.1 Electric Currents 452 
28.2 Hall Current 453 
28.3 Screening Current 455 
28.4 Tunneling Current 457 



xxiv CONTENTS 

Appendices 459 
A Hausdorff Formulas 459 
В Pauli Matrices 459 
С Cauchy-Riemann Equations 460 
D Bogoliubov Transformation 461 
E Energy-Momentum Tensor 464 
F Exchange Interaction 465 
G One-Dimensional Soliton Solutions 471 
H Field-Theoretical Vortex Operators 473 
I Perturbative Analysis 476 
J Bosonization in One-Dimensional Space 479 

References 485 

Index 499 


