
ENCYCLOPEDIA OF MATHEMATICS AND ITS APPLICATIONS

Noncommutative Rational Series

with Applications

JEAN BERSTEL

Universite Paris-Est

CHRISTOPHE REUTENAUER

University of Quebec, Montreal

WM CAMBRIDGE
^0 UNIVERSITY PRESS



Contents

Preface page xi

Part I Rational series

1 Rational series 3

1.1 Semirings 3

1.2 Formal series 4

1.3 Topology 5

1.4 Rational series 6

1.5 Recognizable series 10

1.6 Weighted automata 16

1.7 The fundamental theorem 18

Exercises for Chapter 1 21

Notes to Chapter 1 26

2 Minimization 29

2.1 Syntactic ideals 29

2.2 Minimal linearrepresentations 34

2.3 The minimization algorithm 37

Exercises for Chapter 2 42

Notes to Chapter 2 45

3 Series and languages 47

3.1 Kleene's theorem 47

3.2 Series and rational languages 49

3.3 Syntactic algebras and syntactic monoids 52

3.4 Support 53

3.5 Iteration 56

3.6 Complementation 58

Exercises for Chapter 3 61

Notes to Chapter 3 63



viii Contents

4 Rational expressions 65

4.1 Rational expressions 65

4.2 Rational identities over a ring 69

4.3 Star height 70

4.4 Absolute star height 77

Exercises for Chapter 4 78

Notes to Chapter 4 79

Part II Arithmetic

5 Automatic sequences and algebraic series 83

5.1 Regular functions 83

5.2 Stable submodules and operations on ^-regular functions 85

5.3 Automatic sequences 91

5.4 Automatic sequences and algebraic series 93

5.5 Algebraic series and diagonals ofrational series 97

Exercises for Chapter 5 102

Notes to Chapter 5 104

6 Rational series in one variable 105

6.1 Rational functions 105

6.2 The exponential polynomial 109

6.3 A theorem ofPolya 114

6.4 A theorem ofSkolem, Mahler, Lech 118

Exercises for Chapter 6 126

Notes to Chapter 6 128

7 Changing the semiring 129

7.1 Rational series over a principal ring 129

7.2 Fatou extensions 132

7.3 Polynomial identities and rationality criteria 136

7.4 Fatou ring extensions 138

Exercises for Chapter 7 140

Notes to Chapter 7 142

8 Positive series in one variable 143

8.1 Poles of positive rational series 143

8.2 Polynomially bounded series over Z and N 145

8.3 Characterization of -rational series 147

8.4 Star height 2 153

Exercises for Chapter 8 154

Notes to Chapter 8 158



Contents ix

Part III Applications

9 Matrix semigroups and applications 163

9.1 Finite matrix semigroups and the Bumside problem 163

9.2 Polynomial growth 167

9.3 Limited languages and the tropical semiring 175

Exercises for Chapter 9 180

Notes to Chapter 9 180

10 Noncommutative polynomials 183

10.1 The weak algorithm 183

10.2 Continuant polynomials 186

10.3 Inertia 190

10.4 Gauss's Lemma 195

Exercises for Chapter 10 197

Notes to Chapter 10 198

11 Codes and formal series 199

11.1 Codes 199

11.2 Completeness 203

11.3 The degree of a code 208

11.4 Factorization 208

Exercises for Chapter 11 215

Notes to Chapter 11 216

12 Semisimple syntactic algebras 217

12.1 Bifix codes 217

12.2 Cyclic languages 220

Appendix 1: Semisimple algebras 224

Appendix 2: Minimal ideals in finite monoids 225

Exercises for Chapter 12 230

Notes to Chapter 12 231

Open problems and conjectures 233

References 234

Index ofnotation 242

Index 244


