
Lectures on Light

Nonlinear and Quantum Optics using the Density Matrix

Second Edition

Stephen C. Rand

University ofMichigan, USA

OXFORD
UNIVERSITY PRESS



Contents

1 Basic Classical Concepts 1

1.1 Introduction 1

1.2 Electric and Magnetic Interactions 3

1.2.1 Classical Electromagnetism 3

1.2.2 Maxwell's Equations 3

1.2.3 The Wave Equation 4

1.2.4 Absorption and Dispersion 5

1.2.5 Resonant Response 6

1.2.6 The Vectorial Character of Light 7

Supplementary Reading 9

2 Basic Quantum Mechanics 10

2.1 Particles and Waves 10

2.2 Quantum Observables 12

2.2.1 Calculation of Quantum Observables 12

2.2.2 Time Development 13

2.2.3 Symmetry 15

2.2.4 Examples of Simple Quantum Systems 17

2.3 Dynamics of Two-Level Systems 23

2.4 Representations 26

2.4.1 Representations of Vector States and Operators 26

2.4.2 Equations of Motion in Different Representations 28

2.4.3 Matrix Representations of Operators 33

2.4.4 Changing Representations 35

References 37

Problems 37

3 Atom-Field Interactions 42

3.1 The Interaction Hamiltonian 42

3.2 Perturbation Theory 43

3.3 Exact Analysis 49

3.4 Preliminary Consideration of AC Stark or Rabi Splitting 51

3.5 Transition Rates 53

3.6 The Density Matrix 55

3.6.1 Electric Dipole Transition Moments 56

3.6.2 Pure Case Density Matrix 56

3.6.3 Mixed Case Density Matrix 58



xii Contents

3.7 Decay Phenomena 60

3.8 Bloch Equations 63

3.9 Inhomogeneous Broadening, Polarization, and Signal Fields 67

3.10 Homogeneous Line Broadening through Relaxation 70

3.11 Two-Level Atoms Versus Real Atoms 72

References 76

Problems 76

4 Transient Optical Response 83

4.1 Optical Nutation 83

4.1.1 Optical Nutation without Damping 83

4.1.2 Optical Nutation with Damping 87

4.2 Free Induction Decay 87

4.3 Photon Echoes 92

4.3.1 Algebraic Echo Analysis 93

4.3.2 Rotation Matrix Analysis 98

4.3.3 Density Matrix Operator Analysis 99

References 105

Problems 105

5 Coherent Interactions of Fields with Atoms 111

5.1 Stationary Atoms 111

5.1.1 Stationary Two-Level Atoms in a Traveling Wave 111

5.1.2 Stationary Three-Level Atoms in a Traveling Wave 114

5.1.3 Stationary Two-Level Atoms in a Standing Wave 117

5.2 Moving Atoms 120

5.2.1 Moving Atoms in a Traveling Wave 120

5.2.2 Moving Atoms in a Standing Wave 124

5.3 Tri-Level Coherence 129

5.3.1 Two-Photon Coherence 129

5.3.2 Zeeman Coherence 132

5.4 Coherent Multiple Field Interactions 138

5.4.1 Four-Wave Mixing 138

5.4.2 Pump-Probe Experiments 143

5.4.3 Quantum Interference 149

5.4.4 Higher Order Interactions and Feynman Diagrams 155

References 159

Problems 160

6 Quantized Fields and Coherent States 168

6.1 Quantization of the Electromagnetic Field 168

6.2 Spontaneous Emission 178

6.3 Weisskopf-Wigner Theory 181



Contents xiii

6.4 Coherent States 185

6.5 Statistics 193

6.5.1 Classical Statistics of Light 193

6.5.2 Quantum Statistics ofLight 197

6.6 Quantized Reservoir Theory 201

6.6.1 The Reduced Density Matrix 201

6.6.2 Application of the Reduced Density Matrix 205

6.7 Resonance Fluorescence 209

6.7.1 Fluorescence of Strongly Driven Atoms 210

6.7.2 Coherence of Strongly Driven Two-Level Atoms 218

6.8 Dressed Atom Theory 220

6.8.1 Strong Coupling of Atoms to the Electromagnetic Field 220

6.8.2 Dressed State Population Dynamics 224

References 228

Problems 229

7 Selected Topics and Applications 240

7.1 Mechanical Effects of Light and Laser Cooling 240

7.1.1 Radiation Pressure, Dipole Forces, and Optical Tweezers 240

7.1.2 Laser Cooling via the Doppler Shift 243

7.1.3 Magneto-Optic Trapping 246

7.1.4 Laser Cooling below the Doppler Limit 247

7.2 Dark States and Population Trapping 253

7.2.1 Velocity-Selective Coherent Population Trapping 253

7.2.2 Laser Cooling via VSCPT 257

7.3 Coherent Population Transfer 260

7.3.1 Rapid Adiabatic Passage 260

7.3.2 Laser Cooling of Solids 265

7.4 Coherent Transverse Optical Magnetism 280

7.5 Electromagnetically Induced Transparency 290

7.6 Squeezed Light 294

7.7 Cavity Quantum Electrodynamics 298

7.7.1 Damping of an Optical Field by Two-Level Atoms 298

7.7.2 Weak Coupling Regime 300

7.7.3 Strong Coupling Regime 304

7.8 Quantum Information Processing 307

7.8.1 Introduction 307

7.8.2 Classical Logic Circuits and Computation 308

7.8.3 Quantum Bits and Quantum Logic Gates 309

7.8.4 Realization of Quantum Gates 312

7.8.5 Fidelity of Gate Operations 316

References 316

Problems
320



xiv Contents

Appendices

Appendix A Expectation Values 331

Appendix B The Heisenberg Uncertainty Principle 332

Appendix C The Classical Hamiltonian of Electromagnetic Interactions 335

Appendix D Stationary and Time-Dependent Perturbation Theory 338

Appendix E Second Quantization ofFermions 345

Appendix F Frequency Shifts and Decay Due to Reservoir Coupling 349

Appendix G Solving for Off-Diagonal Density Matrix Elements 353

Appendix H Irreducible Spherical Tensor Operators and the

Wigner-Eckart Theorem 356

Appendix I Derivation ofEffective Hamiltonians 368

Appendix J Irreducible Representation ofMagnetic Dipole Interactions 370

Index 373


