Contents

1 Some Elements on Berthelot’s Arithmetic D-Modules ..................

Daniel Caro
1.1  Introduction
IR ORIEOTIN <. om0 A 8 S A S 4 ST
1.2 Ring of Differential Operators ..........covivviviiiiiiiiiiiieinainann.
12.1 Eihler Differantidl .cooumninnmnnmiaiminaisisvin
1.2:2 Ring of Differential Operons .. covonamssassmsvnumssasmns
1.2.3 Smooth Differential Case ..............cccovvviieeiieninnnnn...
1.24 Lett Darp-Modules q..coiie vussiinn s sosssiinisssmassaobi
1.3 Berthelot’s Ring of Differential Operators of Finite Level and
INfinite Order. . ....euriiieei i ieereee e eeeeeeeeraeeeannannrenns
1.3.1 Formal Affine Case, Standard Ring of Differential
CIPRTEEINS .. vy cn e s 55 R P F BT S R S
1.3.2 Formal Affine Case, Berthelot’s Ring of Differential
ODErators o LaVCL MY . coiivimvim e niuins ssbmesnsdinii Cisnnne sna
133 Left DY7%-modules .........c.oooirueimnieneiieaiinnnn.
134 Weak p-Adic Completion . . .ccoiivassrismiamsmmnsssnsny
135 Sheahficaom, ColBIENEE . . cvvsvvisvmovimonmorvisssmnsssmammns
Appendix: Further Reading
References

---------------------------------------------------

.....................................................................

Difference Galois Theory for the “Applied”’ Mathematician
Lucia Di Vizio
2l IGOIBEUON o sovsnnsyuanssmumiss sy e o s s
2.2 Glossary of Difference Algebra
2.3 Picard-Vessiot Rings
24 THeGAlOISONOUD esmssmsovimimss sovisssimas e s e sai
2.4.1 A Short Digression on Group Schemes ......................
2.4.2 The Galois Group of a Linear Difference System ...........
2.4.3 Transcendence Degree of the Picard-Vessiot Extension
2.5  The Galois Correspondence (First Part)

............

...................................................

..............................

[+ BN e TE - WO O R

X1



xii

Contents

2.6 Application to Transcendence and Differential Transcendence .....

2.6.1 General Statements ..........oovvveeniieiiiiiaieaiineean..

2.6.2 Differential Algebraicity and D-Finiteness ..................
2.7  Applications to Special Cases...........coviiiniiiiiiiiiiiii.

2.7.1 Finite Difference Equations and Holder Theorem ...........

2.7.2 Linear Inhomogeneous g-Difference Equations

of the First Order ........ovviriiiiii e eeees

2.7.3 A Particular Case of the Ishizaki-Ogawara’s Theorem ......
2.8  The Galois Correspondence (Second Part) ..............cooeivnnn
Appendix: Behavior of the Galois Group with Respect

tothe Iteration of 7 ... ... oo e
References ..o e
Igusa’s Conjecture on Exponential Sums Modulo p” and the

Local-Global Principle ...
Kien Huu Nguyen
3.1 INOdUCHON ...vent ittt e e et e e e eare e eanas
3.2 Igusa Local Zeta Functions and Exponential Sums Modulo p™ ....
3.2.1 Local Fields........oooiiiiiiiiiiiiiiiiii e
3.2.2 Embedded Resolutions............c...coueenen... e
3.2.3 Igusa Local Zeta Functions and the Monodromy
CONJECIUTE ...ttt aeea e
3.2.4 Exponential Sums and Fiber Integration .....................
3.3 Igusa’s Conjecture on Exponential Sums Modulo p™ ...............
330 ARIES.....oviiii
3.3.2 Poisson Formulas and Formulas of Siegel Type .............
3.3.3 Some Expected Results .........c.oovveeiiiiriniiinnnnennn.
3.4 Progress on Igusa’s CONJECtUre ..........c.oevvvneerinreersensinennn,
3.4.1 The Non-degenerate Case.................ccueueeineuannenn..,
3.4.2 Beyond the Non-degenerate Case ...............ceoeeeenenn.
3.5 A Long History of the Local-Global Principle
3.5.1 The Local-Global Principle ..............cocuvvevuvinennnn...
3.5.2 Progress on the Local-Global Principle

3.5.3 Igusa’s Approach
References

.......................

......................
..............................................

..................................................................

From the Carlitz Exponential to Drinfeld Modular Forms
Federico Pellarin

4.1 INCOAUCHON ...
42 Ringsand Fields .........................
4.2.1  Local Compactness, Local Fields................c.....vvv....
4.2.2  Valued Rings and Fields for Modular Forms
4.2.3  Algebraic EXensions...............cccovneeeenneeeiieeeninn.,
4.2.4  Analytic Functions on DisKS .................covuvreeerennnnn,
4.2.5 Further Properties of the Field Coo
4.3 Drinfeld Modules and Uniformisation

...........................

--------------------------------



Contents Xiii
4.3.1 Drinfeld A-Modules and A-Lattices...........ccceoveinnn.... 106
4.3.2 From Drinfeld Modules to Exponential Functions .......... 109
4.4  The Carlitz Module and Its Exponential .....................coooeiin. 113
441 AFormulafory senssiisrmainmsatiaissysnsehissyasyaon 115
4.4.2 A Factorization Property for the Carlitz Exponential......... 119
4.4.3 The Function exp4 and Local Class Field Theory ........... 123
4.5  Topology of the Drinfeld Upper-Half Plane .......................... 127
451 Rigid AnalyticBpPasEs .« o uummmvssmms st 129
4,52 Fundamental Domains for I'\S2 ......coveviiiiiiiiienninen... 133

4.5.3 An Elementary Result on Translation-Invariant
FuliCtiong OVEL §2 . . susissuvipvemmmnsssmesiusmmsrerasyssss 140
4,6 Some QUOtient SPACES...couusresnriecsiiaiansssssnssrsnrssssrrssnssias 142
4.6.1 A-Periodic Functions Over £2.....ciuieviiciivisiinnisvenarss 142
4.62 TheQuotientGLa(A)\L2.....ivciiiiiiimiinins immnss i 149
47 Drinfeld Modular FOrms ........coooiimiiiiirieiiiiiiiiiieneennn. 151
47,1 H-BRPAtBIONE juvsssvisinn s o R T 152
4,7.2 Construction of Non-trivial Cusp Forms ..................... 156
4.8 Eisenstein Series with Values in Banach Algebras................... 159
4,9  Modular Forms with Values in Banach Algebras .................... 165
49.1 Weak Modular Forms of Weight —1 ...................col. 167
B0 OB TS PUTIR oo onir v S e R AR R 172
22y RS (e P o 175

5 Berkovich Curves and Schottky Uniformization I: The
Berkovich Affine Line .........ovviniriiiiiiiiieeiie e eineiananrennns 179
Jérome Poineau and Daniele Turchetti

51 IHEGHEHDN . vesvivamrrsenirEe R o TS e N 179
e R 0T AW T L TP ——— 181
53 Classification Of POINES o ...veeerrrsiiiieeeeneieiaeeeeeannninaeenes 184
24 TTOPOIOEY oo oo s S e R e S 190
B0 AL U EROMIE o s ¢ oowsonmenncmo i s icasesosk s emssts TR A 197
56 Extension of Scalars .............oviiiiiiiiiiiiiiiiie i i, 201
8.7 CONnESEINEE v snaraisscismm s R T e e e 206
38  Virtial Disczand ANNBL ... v 211
5.8.1 Definitions ......eiireiiiiee e 211

5.8.2 The Case of an Algebraically Closed and Maximally
Coifiplen BEE Fiel ..o o s vamsvrmansrmmmyisaiasyss 213
5.8.3 The General Case.....ccveeouiiiiisisirnsissrmnsssrnssenssnrans 214
59 Lengths oF Infervals .o itiiianmmnmmenermemmmnsioss s Subiiees svsmiss 215
5.10 Variation of Rational FuUnctions ............veeviiiieiriiiieiiieannnn. 217
2SS (3 4 1 (61 .04

Berkovich Curves and Schottky Uniformization IT: Analytic
Uniformization of Mumford Curves

Jérome Poineau and Daniele Turchetti

6.1

Ly {4575 FE Lo | | O 225



xiv

Contents

6.2  The Berkovich Projective Line and M&bius Transformations ....... 227

6.2.1 Affine Berkovich Spaces ............cooiiiiiiiiiiiiiianann. 227

6.2.2 The Berkovich Projective Line ........... e 228

6.2.3 Mobius Transformations .....ovveeieeiieerinetiniieeeniennnn. 229

6.2.4 Loxodromic Transformations and Koebe Coordinates ...... 231

6.3  Berkovich k-Analytic Curves ..........oooeiiiiiiiiinniiiiiannnnan. 232

6.3.1 Berkovich Al-like Curves.............ccocevvueuninenninn... 232

6.3.2 Arbitrary Smooth Curves ...........ccvoviiiiiiiiinnnniiin... 235

6.3.3 Mumford CUIVES . ...vvieriniiriieiieeaiaeeeiaaeieeanns 239

6.4  SChottky GrOUPS «.vvvvvviriiiinii it e aiie e e inaee e 241

6.4.1 Schottky FigUIes......ouuiieiiiieer e aeieaiiinans 241

6.4.2 Group-Theoretic Version.............oovvviiiiinninnniina... 250

6.43 Twisted Ford Discs ......vvvvvniiieiiiiiiinnnnnnnss B 252

644 Local Fields.......oovieiiiiiiiiiii it i 255

6.5  Uniformization of Mumford Curves ...........ovveveiiiiiieeennnnnn.. 256

6.5.1 The Uniformization Theorem..............coovivviviiiiaan.n. 257

6.5.2 Automorphisms of Mumford Curves......................... 264

Appendix: Further Reading ..............ooooiiiiiiiiiiiiiii i 270

A.1 Berkovich Spaces and their Skeleta ...............c.ooiiiiiiiiinninnn.... 271

A.2 Non-Archimedean Uniformization in Arithmetic Geometry ........... 272

A.3 The Relevance of Mumford Curves ...........coovevviviiiiiienennnnnnns 274

RETEIENCES ... et e e 277

On the Stark Units of Drinfeld Modules .................................. 281
Floric Tavares Ribeiro

A S 15 (o4 1 T 281

7.2 Background ...t 283

A A [ 11 1) B R 283

722 Fitting Ideals..........ovuiviiineeee it 284

7.2.3 Ratio of COVOIUMES ....vvivreiie it eeeeeanann 286

7.3 Drinfeld MOdUIES ........oviieitiee it 287

7.3.1 Drinfeld Modules........ovveeiriee e eanann, 288

7.3.2  Exponential and Logarithm .................c.ccoevvinenenns. 288

7.33 TheCarlitzModule.........ocoveereeei e, 290

T4 Stark Units ..o 291

741 Taelman Modules............oooeuveeeeineeaiee e, 291

742 The Module of Stark UnitS..........evvverrieninernenanennnns 293

7.4.3  Link with Anderson’s Special Points..............ovcvvvev.n. 296

7.5 Class Formulas..............oooueenee e 297

7.5.1 Taelman’s Class FOrmula ............ovoviverinieiineninnnn, 297

7.5.2  The Equivariant Class Formula.............c..coooveeenen.. .. 300

753 EXAMPIeS......oouueiiii i e 302

7.6 The Multi-Variable Deformation of a Drinfeld A-Module .......... 304

7.6.1 The Multi-Variable SELNG. ..t e 304

7.6.2 The Canonical Deformation of the Carlitz Module.......... 307



Contents XV
7.7  Applications.......c.ccocieoivnrvonsrrsasrerssnrsssssosssosnrsstessssose 311
7.7.1 Discrete Greenberg CONJEctures ......ccvseusessivisvissvveian 311

7.7.2 On the Bernoulli-Carlitz Numbers............cc..ooooeinnee. 317

7.8  Stark Units in More General Settings.............cccoooviiiiiaeiinn. 321

BelOrBORaS . . . oviis bivas s i i S s R A e SR 323



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]


