Contents

Chapter I

General Concepts

1. Relations and Mappings. . . . . . . . . . . . . .. ... ..... 1
14 Sets. . . Lo Lo
1.2 Relations . . . . . . .. . ... ... ... ... ...... 8
1.3 Mappings . . . e T
1.4 Equivalence Relatlons e K]
1.5 Partial and Linear Orderings . . . . . . . . . . .. ... . ... 19
1.6 Multivalued and Partial Mappings. . . . . . . . . . . . . .. .. 21
1.7 Cardinal and Ordinal Numbers . . . . . . . . . . . . . . . ... 24
Problems and Complements . . . . . . . . . ... ... ... ... 28

2. Modelsand Algebras . . . . . . . . . . . ... ... .. ..... 2
2.1 n-ary Relations and Functions . . . . . . . . . . .. . ... .. 2
2.2 Algebraic Systems. . . e e e e e s 32
2.3 Subsystems. Generating Sets F V4
2.4 Congruences . . . . . . . . . . . . . . ... . ... . .... 43
2.5 Direct Products. . . . . e e e e ... ... 52
2.6 Operations on Cardinal and Ordmal Numbers. e e e oo L0602
Problems and Complements . . . . . . . . . . . . . .. ... ... 66

Chapter II
Classical Algebras

3. Groupoids and Groups . . . . . . . . . . . ..., 67
3.1 Groupoids and Semigroups . . . . . . . . . . . . . .. .. ... 67
3.2 Quasigroupsand Loops . . . . . . . . . . .. ... ... .. 72
3.3 Groups . . . e £
Problems and Complements 16

4 Ringsand Fields . . . . . . . . . . . . .. ... .. ... ..., &
4.1 Rings . . . S £ |
4.2 Algebraically Closed Flelds V4
4.3 Alternative Skew Fields . . . . . . . . . . . . . . . . . . ... 91
4.4 Linear Algebras. . . . . . . . . . .. .. ... ... ... .. o4
Problems and Complements . . . . . . . . . . . . . . . . . ... .100

5. Lattices (Structures) . . . . . . . . . . .. . .. .. ... ....100
5.1 Lattices . . . . . . ... . 100

5.2 Modular and sttnbutlve Lattlces Boolean Algebras C e e e oL 104



6.

10.

11.

12.

Contents

Chapter III
First and Second-Order Languages

Syntax and Semantics .

6.1 Terms

6.2 Formulas .

6.3 Second-Order Propernes

6.4 Elementary Theories and Ax1omatlc Classes
Problems and Complements

. Classification of Formulas

7.1 V-Formulas and 3-Formaulas .

7.2 Universall Axiomatic Subclasses .
7.3 V3-Formulas and 3V-Formulas .
7.4 Positive Formulas . .

7.5 Multiplicatively Stable Forrnulas

Chapter IV
Products and Complete Classes

. Filters and Filtered Products .

8.1 Filters and Ultrafilters .

8.2 Ultraproducts . .
8.3 Applications of Ultraproducts .
8.4 Conditionally Filtered Formulas .
8.5 Cardinality of Ultraproducts

8.6 Regular Products

Problems and Complements

. Indistinguishability and Elementary Embedding

9.1 Elementary Embedding
9.2 Elementary Subsystems

Completeness and Model Completeness .
10.1 Complete Systems of Formulas .
10.2 Model Completeness .

Problems and Complements.

Chapter V
Quasivarieties

General Properties .

11.1 Characteristic Properties .
11.2 Defining Relations

11.3 Replicas . .
Problems and Complements

Free Systems and Free Compositions

12.1 Free Compositions .
12.2 Independent Elements and I'ree Systems.
12.3 Amalgamated Compositions -
Problems and Complements.

. 135
. 140
. 143

. 163
. 168

177

IX

. 109
. 109
. 115
. 121
. 126
. 128

129
129

145

153

153
156

172

184

. 185

185
191

195

- 195
. 201
. 209

. 210

. 210
. 217
. 228
. 236



X Contents

Chapter VI
Varieties

13. General Properties. . . . . . . . . . . . . . . . .. . . ... ..267
13.1 Structural Characteristics . . . . . . . . . . . . . . . . . .. 267
13.2 Ranks of Varieties . . . . . . . . . . . . . .. .. .. ...2711
13.3 Varietiesof Unoids . . . . . . . . . . . . . . . . . . ... .27
Problems and Complements. . . . . . . . . . . . . .. .. ... .282

14. Primitive Closures . . . . . . . . . . . . . . . . . . . . . ... .282
14.1 Generating Systems . . . . . . . . . . . . . . . .. ... .. 283
14.2 The Lattice of Varieties . . . . . . . . . . . . . . . . . .. . 289
14.3 Minimal Varieties and Quasivarieties . . . . . . . . . . . . . . 295
Problems and Complements. . . . . . . . . . .. . ... ... ..303

Bibliography . . . .. . . . . . . . . . . . .. .. .. . ... .. .305

NameIndex . . . . . . . . . . . . . . . . . . . ... ... ...300

SubjectIndex. . . . . . . . . . . . . . . ... ... ... .. .31



