CONTENTS

Preface .. ... . vii
NoOtatIoN ..ot i i e e e ix
Introductory Remarks. ....... ..., 1
Notes at the End of Introductory Remarks ........ O 6
Chapter I. Some Preliminaries ........................o Ll 7
§ 1.1. Some Convexity Principles .........cocoiiiiiiiiiiiii i 7
§ 1.2. A Lemma in Complex Function Theory .......................... 13

§ 1.3. Gabriel’s Convexity Theorem (Assuming Riemann Mapping

Theorem) ..ot 17
§ 1.4. A Theorem of Montgomery and Vaughan ......................... 21
§ 1.5. Hadamard’s Three Circles Theorem ............................... 25
§ 1.6. Borel-Carathéodory Theorem ..................... ..., 26
§ 1.7. A lemma in Complex Function Thcory (continued) ............... 27
Notes at the End of Chapter I .......... .. ... ... il e 35
Chapter II. Some Fundamental Theorems on Titchmarsh
Series and Applications ............. ..o i 37
8 2.1, Introduction .........ocuiiniemin i e 37
§2.2 MainLemma ...........cooivviiiiin e 37
§ 2.3. First Main Theorem ...........cooiiiiiiiiiiiiiiiiii e, 44

§ 2.4. Second Main Theorem .........cociriiiiiiiiiiiiiiniiiiiniienan., 49



xii Contents

§ 2.5. Third Main Theorem ..........coiiiiiiiii i, 51
Notes at the End of Chapter IT ............... ... . o ... 57
Chapter III. Titchmarsh’s Phenomenon ..... e e 59
§ 3.1. Introduction ......... ... i 59
§3.2. OntheLineo =3 ................. e 61
§3.3. Onthe Lineocwith2 <o <1 ........coeooiui...... e 64
§ 3.4. Weak Titchmarsh Series and Titchmarsh Phenomenon on the
Line 0 = 1 . i 76
Notes at the End of Chapter IIT ............... ... ... oiiiiniinia... 90
Chapter IV. Mean-value Theorems for the Fractional
Powers of [ (3 410) | ooovuiie i 93
§ 4.1. Introduction .......... ...t e 93
§ 4.2. Lower Bounds ............oiiiiiiii 94
§4.3. Upper Bounds .........cooviuiiiiii e 110
Notes at the End of Chapter IV ............. e e 114
Chapter V. Zeros of {(s) .......ooviviiiiiiiiiiiiii i, 118
§ 5.1. Introduction ...... e e e e e 118
§ 5.2. Infinitude of Zeros in ¢ > 1 ...t 118
§ 5.3. On Some Theorems of Littlewood and Selberg ..,................ 123

§ 5.4. Infinitude of Simple Zerosint >1 ............ e 125



Contents xiii

Notes at the End of Chapter V .............................. e 132
Chapter VI. Some Recent Progress (Statements Without Proofs

of Some Difficult Results Mentioned in the Introduction) .............. 134
§ 6.1. Introduction ...........ooiiiiiiiiiiiiniii 134
§ 6.2. Hardy’s Theorem and Further Developments .................... 134
§ 6.3. Deeper Problems on Mean-value Theorems on ¢ = % ............ 135
§ 6.4. Deeper Problems on Mean-value Theorems in } <o <1 ......... 137
§6.5. OntheLine o =1 ... ... i 138
Chapter VII. Appendix. (Asymptotic Formulae for the Gamma
Function and soon) ........ ... i 140
8§ 7.1. Introduction ...........c.oviniiiiiiiii 140
§ 7.2. A Fourler Expansion ...............ooo i 140
§ 7.3. Functional Equation ............ ... .. ... 141
§ 7.4. Asymptotics of T'(s) ... oo 143
§ 7.5. Estimate for %%f)l On Certain Lines in the Critical Strip .......... 149
§ 7.6. Asymptotics of [ de(n) |2 ooove i 152
§ 7.7. Some Useful Reciprocal Relations Involving Certain Kernels ..... 157

References ... i 159



