
An Introduction to
Queueing Theory

Brian D. Bunday BSC PHD, cMam, FIMA, cstat
Head of the Department of Mathematics, University of Bradford, UK

A member of the Hodder Headline Group
LONDON•SYDNEY •AUKLAND
Copublished in the Americas by Halsted Press an imprint of John Wiley & Sons Inc.
New York-Toronto



Contents

Preface ix

Introduction 1

The arrivals 1
The service mechanism 3
The meaning of the mathematical results 4
Examples 1 6
Solutions to examples 1 7

1 Generating functions 10
1.1 The probability generating function 10
1.2 The moment generating function - the Laplace transform 12
1.3 Examples 2 15
1.4 Solutions to examples 2 16
1.5 Random arrivals - a generating function approach 20
1.6 Non-homogeneous Poisson arrivals 22
1.7 Random arrivals and negative exponential service - again! 22
1.8 Examples 3 23
1.9 Solutions to examples 3 24

2 Simple queues 27

2.1 A very simple system 27
2.2 Examples 4 30
2.3 Solutions to examples 4 31
2.4 A queue with one server, random arrivals and negative exponential

service 33
2.5 Properties of the M/M/l queueing system 38
2.6 Some general considerations 42
2.7 Examples 5 43
2.8 Solutions to examples 5 44

3 Birth-death models 48

3.1 Special cases 49
3.2 Examples 6 53
3.3 Solutions to examples 6 54



vi Contents

3.4 A two-server queue - the M/M/2 queue 54
3.5 Examples 7 58
3.6 Solutions to examples 7 59
3.7 The machine interference problem 60
3.8 The M/M/l machine interference model (finite source model) 62
3.9 Examples 8 65
3.10 Solutions to examples 8 65

4 The M/G/l system 68

4.1 Examples 9 71
4.2 Solutions to examples 9 72
4.3 The steady-state distribution of qn 1A
4.4 The time spent in the system 76
4.5 Examples 10 79
4.6 Solutions to examples 10 80

5 The imbedded Markov process 82

5.1 Single-server queue, random arrivals at rate a, general service time
- M/G/l 82

5.2 Examples 11 85
5.3 Solutions to examples 11 86
5.4 Single-server queue, general inter-arrival time, exponential

service-G/M/l 88
5.5 Examples 12 91
5.6 Solutions to examples 12 91
5.7 The Markov chain formulation 93

6 Other models for a single-server queue 98

6.1 Bulk arrivals 98
6.2 Service consisting of k independent phases each having a negative

exponential service with mean l/fi 100
6.3 Examples 13 105
6.4 Solutions to examples 13 107

7 Random arrivals, block service, constant interval between the times at
which service is available 111

7.1 The proportion of customers who don't have to wait beyond the first
time that service becomes available 114

7.2 The special case when N = 1 115
7.3 Examples 14 120
7.4 Solutions to examples 14 121

8 Transient solutions 125

8.1 The M/M/l queue 125
8.2 A solution method using generating functions 125



Contents vii

8.3 Examples 15 132
8.4 Solutions to examples 15 134

9 Networks of queues 139

9.1 Introduction 139
9.2 The output from a queue 140
9.3 Examples 16 141
9.4 Solutions to examples 16 142
9.5 Two systems in tandem 143
9.6 Splitting a Poisson stream 144
9.7 Feed forward networks 145
9.8 Examples 17 146
9.9 Solutions to examples 17 147
9.10 Open networks 149
9.11 Examples 18 155
9.12 Solutions to examples 18 156
9.13 Closed networks 159
9.14 Examples 19 162
9.15 Solutions to examples 19 163

10 Simulation models 166

10.1 Introduction 166
10.2 Hand simulation of an M/M/l system 168
10.3 Computer simulation of a G/G/l queue and a G/G/2 queue 169
10.4 The simulation of a machine-minding problem 174
10.5 Some general comments 177
10.6 Examples 20 177
10.7 Solutions to examples 20 178

Appendix. The transient solution for the M/M/l queue: a simple solution at
last 184

Introduction 184
A simple form for the transient solution 185
The special case p = 1 188
XT-o Pn(r) = 1 for all r 189
Some numerical results 191
Acknowledgements 191
References 192
Examples Al 192
Solutions to examples Al 192
Final update 196
References 196
Tables (Numerical results) 197

Index 203


