
Theory of Linear Algebraic Equations
with Random Coefficients

Vyacheslav L. Girko

AUerton Press, Inc./New York



Contents

List of Basic Notations and Assumptions xiii
Introduction xvi

Chapter 1. Spectral Theory of Estimating Parameters of
a System of Linear Equations 1

1. Perturbation Formulas for Eigenvalues and Eigenvectors of Matrix 2
2. Theorem on the Extremal Values of Bounded Function 3
3. The Main Spectral Equation. The Method of Random

Matrix Regularization 5
4. The Classical Least Squares Method 8
5. Spectral Equation Si for Minimax Estimators of

Parameters in Linear Models 9
6. Linear Models with Unknown Covariance Matrix. Spectral Equation 52 17
7. Linear Models with Nonrandom Perturbations. Spectral Equation 53 17
8. Spectral Equation 54 for the Estimators of the Solutions of Systems of Equations

with "Internal" Perturbations in a System of Observations 18
9. Linear Models with an Arbitrary Set of Perturbations. Spectral Equation S5 20
10. Estimation of States/of Some Recursively Defined Systems 22
11. Estimation of Dynamic System States 24
12. Estimation of Linear Regression Models in Hilbert Space 27

Chapter 2. Determinant Conditions for the Existence of Solutions of SLAERC 30
1. Formulation of the Problem 30
2. Limit Theorem for the Sum of Martingale Differences 31
3. Limit Theorem of the Type of Large Numbers Law for Random Determinants 31
4. The Central Limit Theorem for Random Determinants 32
5. The Method of Perpendiculars 35
6. Resolvent Formulas for Matrix with Independent Pairs of its Entries 36
7. The Theorem of the Type of Large Numbers Law and the Central Limit Theorem

for Determinant of Random Gram Matrix 37
8. Method of Normal Random Regularization for Determinants 40
9. Logarithmic Law for Random Determinants 43
10. Logarithmic Law for Random Determinants with Small Errors in Entries 46



vi Contents

Chapter 3. Distribution Function of Solution of SLAERC and
Integral Representation Method 50
1. Random Condition Number 50
2. SLAERC with Normally Distributed Coefficients 51
3. Distribution of Eigenvalues and Eigenvectors of Random Matrices 51
4. Spectral Method for the Calculation of Moments for Solutions of SLAERC 52
5. The Stochastic Least Squares Method 53
6. Arctangent Law 53
7. Stochastic Leontief Model 54
8. Integral Representation for Determinants 54
9. Limit Theorem for Random Determinants 54
10. Integral Representation Method for Solutions of SLAERC 55
11. Integral Representation for Solutions of Differential Equations of the Second Order 56
12. Simulation in Linear Algebra 56

Chapter 4. The Spectral Conditions for the Existence and Boundedness of the Solutions
of SLAERC with Large Dimension 59
1. Canonical Equation C5 for G-Density and L5 Equation for the Boundary

Points of G-Density 59
2. Canonical Equation. Limit Theorem for Normalized Spectral Functions 67
3. The REFORM Method of Deriving the Main Equation of Spectral

Theory of Random Matrices 70
4. Inequalities for the Coefficients of the Main Equation 72
5. Calculations of Coefficients of the Main Equation 75
6. Invariance Principle for Random Matrices . 77
7. Equation for the Sum of Smoothed Distribution Functions of Singular

Values of Random Matrices 81
8. The Method of Fourier and Inverse Fourier Transforms for Finding

Boundaries of Eigenvalues 82
9. Random Perturbation Method for the Eigenvalues 88
10. Limit Theorem for the Singular Values of Random Matrices 88
11. Canonical Spectral Equation and L4 Equation for the Boundary Points of

the Spectral Density of Symmetric Random Matrices 91
12. Limit Theorem for Eigenvalues of Random Symmetric Matrices 92
13. Conditions for the Existence and Boundedness of the

Solutions of SLAERC of Large Dimension 93
'• 14. Spectral Conditions for the Existence of SLAERC Solutions 94

Chapter 5. The Circular, Elliptic, and Uniform Laws and V-Density for the
Eigenvalues of Random Matrices 95
1. Outline of the Proof of Circular and Elliptic Laws (Girko, 1985) 95



Contents vii

2. Spectral and G-Functions 97
3. General ^-Transform of Spectral Functions 98
4. Truncated V\ -Transform and ^-Transform 99
5. Conditional V^-Transform and V^-Transform 101
6. Canonical Spectral Equation and L5 Equation for the

Boundary Points of Spectral Density 102
7. Canonical Equation. Limit Theorems for Spectral Singular Functions 105
8. The REFORM Method of Deriving the Main Equation of

the Spectral Theory of a Random Matrix 108
9. Inequalities for the Coefficients of the Main Equation 110
10. Calculations of Coefficients of the Main Equation 113
11. In variance Principle for Random Matrices 115
12. The Equation for the Sum of Smoothed Distribution

Functions of Eigenvalues of Random Matrices 119
13. The Method of Fourier and Inverse Fourier Transforms

for Finding Boundaries of Eigenvalues 120
14. Limit Theorem for the Singular Values of Random Matrices 122
15. The Method of Perpendiculars for Proving the Circular Law 122
16. Central Limit Theorem for Randomly Normalized Random Determinants 123
17. Substitution of Normally Distributed Random Variables

for the Entries of Random Matrices 125
18. Substitution of the Determinant of Gram Matrix for the Determinant of Matrix 126
19. Regularized Vs-Transform 129
20. Calculation of a Certain Integral 130
21. Limit Theorem for Fourier Transforms of Spectral Functions and

Normalized Regularized Random Determinants 131
22. Inverse Formula for the Stieltjes Transform of Limit Spectral

Function of Non-Self-Adjoint Random Matrices 132
23. Regularized V6-Transform. The Circular Law 133
24. Limit Theorems for the Eigenvalues of Random Matrices

with Independent Entries 134
25. The Elliptic Law 136
26. Limit Theorems for the Eigenvalues of Random Nonsymmetric Matrices 137
27. The V-Density of Eigenvalues of Random Matrices with Independent

Pairs of Entries 137
28. The V-Density of Eigenvalues of Random Matrices

with Independent Entries 139
29. Examples of the G-Region of V-Density for Eigenvalues

of Random Matrices with Independent Entries 139



viii Contents

Chapter 6. Canonical Equation for the Solutions of a System of Linear
Algebraic Equations with Independent Random Coefficients 146

1. Formulation of the Problem 147
2. The Complex Regularization and Integro-Differential

Representation for Solutions of SLAE 147
3. REFORM Method 148
4. Limit Theorems for Entries of the Resolvent of Random Matrices 149
5. Analytic Continuation of Entries of Resolvents 155
6. Calculation of the Derivative of a Resolvent of a Random Matrix 155
7. The Main Assertion 156
8. The Canonical Equation 157
9. The SLAERC with Special Structure of a Matrix of Coefficients 160
10. Canonical Equation for the Solution of SLAERC whose

Coefficients have Identity Variances 162

Chapter 7. System of Linear Algebraic Equations with Symmetric Block Matrix
Structure 165
1. Formulation of the Problem 165
2. Block Matrices 166
3. REFORM Method. Formula for Diagonal Blocks of Resolvent 167
4. REFORM Method. Perturbation Formulas for Blocks of Symmetric Matrices 168
5. The Boundedness of Norms of Resolvent Blocks 169
6. Limit Theorem for Random Matrix Polynomial Functions of the Second Order 169
7. Limit Theorems for the Solution of SLAERC with Independent Symmetric

Block Structure / 172
8. The Canonical Equation for Random Block Matrices 175
9. Canonical Equation for the Solution of SLAERC with Independent Symmetric

Block Structure 176
10. Examples 177

Chapter 8. Canonical Equation for SLAERC with Nonsymmetric
Block Matrix of Coefficients 181
1,. Nonsymmetric Block Matrices 181
2. REFORM Method. Formula for Blocks of Gram Matrix 182
3. Inequality for Random Quadratic Forms 184
4. Limit Theorems for Solutions of SLAERG with Independent Random

Block Structure 184
5. Analytic Continuation of Entries of Resolvents 187
6. The Canonical Equation for Random Block Matrices 187
7. Canonical Equation for SLAERC with Block Structure 188



Contents ix

Chapter 9. System of Linear Algebraic Equations with
Asymptotically Independent Symmetric Blocks 191

1. Formulation of the Problem. 191
2. Method of Thinning Matrices: Block Matrices 192
3. The G-Condition of Asymptotic Independence of Blocks of

Symmetric Random Matrices 192
4. Method of Shortening Entries of Blocks of Random Matrices 193
5. Limit Theorems for Quadratic Forms of Asymptotically

Independent Random Blocks 195
6. The M-Condition of Asymptotic Independence of Random Blocks 197
7. Limit Theorems for the Solution of SLAERC with

Asymptotically Independent Symmetric Blocks Structure 197

Chapter 10. The Canonical Equation for Solutions of
SLAERC with Nonsymmetric Matrix of Asymptotically
Independent Random Coefficients 199

1. Formulation of the Problem 199
2. Method of Thinning Matrices: Block Matrices 200
3. The Condition of Asymptotic Independence of Blocks of Random Matrices 200
4. Limit Theorems for Quadratic Forms of Asymptotically

Independent Random Blocks 201
5. Limit Theorems for Solutions of SLAERC with an Asymptotically

Independent Random Block 204
6. Canonical Equation for SLAERC under the Af-Condition 205

/
Chapter 11. G-Normal Statistical Estimators for Solutions of SLAE 206
1. Formulation of the Problem and Generalized G-Condition for SLAERC 206
2. Integral Representation for the G-Estimator of the Solution of SLAE 207
3. Martingale Representation for the Solution of SLAERC 208
4. Substitution of Coefficients of SLAERC for Normally Distributed Random

Variables ; 209
5. Substitution of the Solution of SLAERC for a Solution of the Accompanying

Canonical Equation 210
6. Calculation of the Partial Derivatives for Resolvents 211
7. Existence of Solutions of the Main Equation of Gs-estimator 212
8. Some Formulas for the Derivative of the Resolvent of Random Matrices 213
9. The Main Formula for Estimator G% 213
10. Limit Theorems for Random Quadratic Forms 214
11. Convergence of a Solution of an Accompanying Canonical Equation to the

Solution of a Canonical Equation 218
12. A Replacement of Random Solution 220



x Contents

13. Asymptotic Behaviour of the Sum of Martingale Differences 222
14. Invariance Principle for the Solution of SLAERC 224
15. The Replacement of a Canonical Equation for the Solution of SLAERC 225
16. G8-Estimator with a Complex Regularizing Parameter 227
17. G-Normal Estimator for the Solutions of SLAE when Observations

of the Coefficients have Equivalent Variances 229
18. Conditions for Vanishing of a Complex Regularizator 231
19. G-Normal Estimators for Solutions of SLAE when Observations

of the Coefficients have Variances Equal to the Product of Some Values 233

Chapter 12. Gs-Consistent Estimators for Solutions of SLAE with Block Structure 236
1. Limit Theorems for Entries of the Resolvent of Random Matrices 236
2. Substitution of Truncated Block Diagonal Matrices for Block Diagonal Matrices 241
3. Analytic Continuation of Entries of Resolvents 242
4. Boundedness of Solutions of the System of G-Equations 243
5. Random Substitution of Block Parameters 244
6. Gs-Estimator for Solutions of SLAE when Observations

ofthe Coefficients have Arbitrary Variances 245
7. The Conditions for Vanishing Parameters of

Complex Regularization. Consistency of the Gs-Estimator 246

Chapter 13. Gs-Consistent Estimators for Solutions of SLAE with
Symmetric Block Structure 250

1. Formulation of the Estimation Problem for the Solution of SLAE 250
2. Limit Theorems for|Entries of the Resolvent of Random Matrices 251
3. Substitution of Truncated Block Diagonal Matrices for Block Diagonal Matrices 252
4. Analytic Continuation of Entries of Resolvents 253
5. Boundedness of Solutions of the System of G-Equations 253
6. Random Substitution of Block Parameters 254
7. G8-Estimator for Solutions of SLAE with Symmetric Block Structure

when Observations of the Coefficients have Arbitrary Variances 254
8. The Conditions for Vanishing Parameters of Complex Regularization.

Consistency of the Gs-Estimator 255

Chapter 14. Self-Averaging of Solutions of the Problems of
Linear Stochastic Programming of Large Dimensions 257

1. Formulation of the Linear Programming Problem 257
2. Formulation of the Linear Stochastic Programming Problem 258
3. Some Aspects of General Statistical Analysis 258
4. Substitution of a System of Linear Algebraic Equations

for the System of Linear Inequalities 259



Contents xi

5. Arctangent Law 259
6. Regularized Form of LSPP 260
7. The Difficulties with Random Solutions of LSPP when Real Solutions

areNonrandom 261
8. The Difficulties with Random Solutions of LSPP when

Real Solutions are Random 261
9. Substitution of NonrandomLPP for LSPP 261
10. Formulation of LSPP Under Conditions of General Statistical Analysis 262
11. Systems of Linear Algebraic Equations with Random Coefficients 262
12. Limit Theorems for the Singular Values of Random Matrices 264
13. Spectral Condition for LSPP 265
14. REFORM Method for LSPP with Symmetric Matrix A. Canonical Equation

and Consistent Estimator for Solution of LSPP 266
15. REFORM Method for LSPP with Nonsymmetric Matrix ^.Canonical

Equation for LSPP 267
16. G-Consistent Estimator for Solutions of LSP 269
17. Integral Representation Method 270
18. Canonical Equation for LSPP with Independent Block Structure 271

Chapter 15. Stochastic Kolmogorov-Wiener Filter 273
1. Canonical Equation C\ and Equation L\ for the Extreme Points of Spectral

Density 274
2. Substitution of a Nonrandom Vector for the Vector of Empirical Expectation 275
3. Limit Theorem for Normalized Spectral Functions 276
4. Invariance Principle for the Empirical Covariance Matrix 277
5. Equation for the Sum of Smoothed Distribution Functions of Eigenvalues

of Empirical Covariance Matrices 278
6. The Main Assertion. Limit Theorem for Eigenvalues of the Empirical

Covariance Matrix 279
7. G2-Estimator for the Stieltjes Transform of the Normalized

Spectral Function of Covariance Matrices 280
8. Asymptotic Normality of the G2-Estimator 281
9. Spectral Condition for the Existence of a Solution of the Kolmogorov-Wiener

Filter 281
10. The Canonical Equation 282
11. The Method of Shortening Entries of Empirical Covariance Matrices 283
12. Self-Averaging of Random Quadratic Forms 284
13. Existence and Uniqueness of a Solution of the Conditional Canonical Equation 286
14. Existence and Uniqueness of a Solution of the Canonical Equation 289
15. Substitution of a Solution of the Conditional Canonical Equation for

an Empirical Covariance Matrix 290



xii Contents

16. Proof of the Main Assertion 291
17. Examples of Stochastic Regularized Kolmogorov-Wiener Filters 293
18. Consistent Estimator for the Solution of the Regularized Discrete

Kolmogorov-Wiener Filter with Known Free Vector 297
19. Consistent Estimator for the Solution of the Kolmogorov-Wiener

Filter with Unknown Free Vector 298

Chapter 16. Self-Averaging of Solutions of the System of
Linear Differential Equations with Random Coefficients 303

1. System of Linear Differential Equations with Random Coefficients 303
2. Formulation of the Problem Under the Conditions of General Statistical Analysis 304
3. Vi-Transform of the Solution of the System of Linear Differential Equations 304
4. ^-Transform of the Solution of the System of Linear Differential Equations 305
5. V3-Transform of the Solution of the System of Linear Differential Equations 306
6. Limit Theorem for Singular Values of Random Complex Matrices 307
7. Limit Theorem for V-Transforms of the Solution of the System of Linear

Differential Equations 307
8. Vanishing of Random Coefficients of a System of Differential Equations 308

References 310
Index 318


