
Yasuko Chikuse

Statistics on Special Manifolds

Springer



Contents

Preface vii

Commonly Used Notation xxi

1. The Special Manifolds and Related Multivariate Topics 1

1.1. Introduction, 1
1.2. Analytic Manifolds and Related Topics, 2

1.2.1. Spaces and Groups and Invariant Measures, 3
1.2.2. Analytic Manifolds and Exterior Differential Forms, 4

1.3. The Special Stiefel and Grassmann Manifolds, 8
1.3.1. The Stiefel Manifold Vk>m, 8
1.3.2. The Grassmann Manifold Gk m_k and Its

Equivalent Manifold Pk>m_k, 9
1.3.3. Examples of Orientation Statistics, 12

1.4. The Invariant Measures on the Special Manifolds, 14
1.4.1. The Invariant Measure on the Orthogonal Group

O(m) (= Vm> J, 14
1.4.2. The Invariant Measures on the Grassmann and

Its Equivalent Manifolds Gk<m_k and Pk>m-k, 15
1.4.3. The Invariant Measure on the Stiefel Manifold

1.4.4. Integrals of the Invariant Measures, 16
1.5. Jacobians and Some Related Multivariate Distributions, 18

1.5.1. Jacobians of Some Matrix Transformations, 18
1.5.2. Symmetric Matrix-Variate Normal Distributions, 22
1.5.3. Rectangular Matrix-Variate Normal Distributions, 23
1.5.4. (Noncentral) Wishart Distributions, 25



xiv Contents

2. Distributions on the Special Manifolds 27

2.1. Introduction, 27
2.2. Properties of the Uniform Distributions, 28 x

2.3. Non-uniform Distributions, 31
2.3.1. Non-uniform Distributions on Vkm, 31
2.3.2. Non-uniform Distributions on Pk m_k, 37

2.4. Distributions of the Orientations of a Random Matrix, 39
2.4.1. Distributions of the Orientation of a Random

Matrix, 39
2.4.2. The Matrix Angular Central Gaussian Distribution, 40
2.4.3. Distributions of the Orientation of a Linear

Transformation, 42
2.4.4. The Orthogonal Projection Matrix of a Random

Matrix, 45
2.5. Simulation Methods for Generating Pseudo-Random

Matrices on Vkm and PfeiTn_fc) 48
2.5.1. Generating Uniformly Distributed Matrices, 48
2.5.2. Generating Matrices from Given Distributions, 50

3. Decompositions of the Special Manifolds 53

3.1. Introduction, 53
3.2. Decompositions onto Orthogonally Complementary

Subspaces of Vk m , 55
" 3.2.1. Decompositions of Vkm, 55

3.2.2. Decompositions of Vk\m, 65
3.3. Other Decompositions of Vk<m, 69
3.4. One-to-One Transformations of Pk>m-k onto Rm_k\k

ori^-^,72
3.5. Another Decomposition of Pk m_k (or Gk m_k), 78

4. Distributional Problems in the Decomposition Theorems and
the Sampling Theory 81

4.1. Introduction, 81
4.2. Distributions of the Component Matrix Variates in

the Decompositions of the Special Manifolds, 82
4.2.1. Decompositions in Theorem 3.2.1, 82
4.2.2. Decompositions in Theorem 3.3.1 and

Corollary 3.3.2, 85



Contents xv

4.2.3. Decompositions in Theorem 3.3.3, 87
4.2.4. Decompositions in Theorems 3.4.1 and 3.4.3

and Corollary 3.4.2, 88
4.3. Distributions of Canonical Correlation Coefficients

of General Dimension, 89
4.3.1. Canonical Correlation Coefficients of

General Dimension, 89
4.3.2. Applications for the Multivariate Normal

Distribution, 91
4.3.3. Applications for the Matrix Conditionally

Langevin Distribution, 94
4.4. General Families of Distributions on Vkm and Pk m_k, 95

4.4.1. General Families of Distributions on Vkm, 95
4.4.2. A General Family of Distributions on Pk,m_k, 98

4.5. Sampling Theory for the Matrix Langevin
Distributions, 99
4.5.1. Distributions of the Sample Sum on Vk m , 99
4.5.2. Distributions of the Sample Sum on Pk m_fc, 106

5. The Inference on the Parameters of the Matrix
Langevin Distributions 109

5.1. Introduction, 109
5.2. Fisher Scoring Methods on Vfem, 111

5.2.1. Maximum Likelihood Estimators of
the Parameters F, 0, and A, 111

5.2.2. Scoring Method for the Parameter F, 113
5.2.3. Profile Likelihood Method, 114

5.3. Other Topics in the Inference on the Orientation
Parameters on Vk m , 117
5.3.1. Bayes Estimators of F and 0 with A Known, 117
5.3.2. Optimality Properties of the Estimators on Vkm, 119
5.3.3. Sufficiency and Ancillarity, 123

5.4. Fisher Scoring Methods on Pk<m-k, 125
5.4.1. Maximum Likelihood Estimators of

the Parameters F and A, 125
5.4.2. Scoring Method for the Parameter B, 127
5.4.3. Profile Likelihood Method, 128



Contents

5.5. Other Topics in the Inference on the Orientation
Parameter on Pk m_k, 129
5.5.1. Bayes Estimator of F with A Known, 129
5.5.2. Optimality Properties of the Estimators on Pk,m_k, 129
5.5.3. Sufficiency and Ancillarity, 131

6. Large Sample Asymptotic Theorems in Connection
with Tests for Uniformity 133

6.1. Introduction, 133
6.2. Asymptotic Expansions for the Sample Mean Matrix

on Vkim, 135
6.2.1. The Standardized Sample Mean Matrix Z, 135
6.2.2. Asymptotic Distributions of Z and Z'Z, 135
6.2.3. Further Results on Asymptotic Distributions

and Testing Problems, 139
6.3. Asymptotic Properties of the Parameter Estimation and

the Tests for Uniformity on Vk m , 145
6.3.1. A Rayleigh-Style Test, 145
6.3.2. The Maximum Likelihood Estimators and

the Likelihood Ratio Test, 146
6.3.3. The Score Functions and the Rao Score Test, 147
6.3.4. The Profile Score Functions and Tests, 148
6.3.5. The Locally Best Invariant Test, 149

. 6.3.6. Asymptotic Equivalence of the Optimal Tests
for Uniformity, 149

6.4. Asymptotic Expansions for the Sample Mean Matrix
on Pfc,m_fc, 150
6.4.1. The Standardized Sample Mean Matrix U, 150
6.4.2. Asymptotic Distributions of U, 151
6.4.3. An Alternative Method, 156

6.5. Asymptotic Properties of the Parameter Estimation and
the Tests for Uniformity on Pk m_fc, 159
6.5.1. A Rayleigh-Style Test, 159
6.5.2. The Maximum Likelihood Estimators and

the Likelihood Ratio Test, 159
6.5.3. The Score Functions and the Rao Score Test, 160
6.5.4. The Profile Score Functions and Tests, 161
6.5.5. The Locally Best Invariant Test, 162
6.5.6. Asymptotic Equivalence of the Optimal Tests

for Uniformity, 163



Contents xvii

7. Asymptotic Theorems for Concentrated Matrix
Langevin Distributions 165

7.1. Introduction, 165
7.2. Estimation of Large Concentration Parameters, 166

7.2.1. Estimation on Vkm, 166
7.2.2. Estimation on Pk\m_k, 168

7.3. Asymptotic Distributions in Connection with Testing
Hypotheses of the Orientation Parameters on Vk m , 170
7.3.1. Testing Hypotheses of the Orientation Parameters

and Related Statistics, 170
7.3.2. Asymptotic Distributions of the Related

Statistics, 171
7.4. Asymptotic Distributions in Connection with Testing

Hypotheses of the Orientation Parameter on Pk m_k, 176
7.4.1. Testing Hypotheses of the Orientation Parameter

and Related Statistics, 176
7.4.2. Asymptotic Distributions of the Related

Statistics, 177
7.5. Classification of the Matrix Langevin Distributions, 182

7.5.1. Classification on Vk m , 182
7.5.2. Classification on Pk m_k, 185

8. High Dimensional Asymptotic Theorems ' 187

8.1. Introduction, 187
8.2. Asymptotic Expansions for the Matrix Langevin

Distributions on Vkm, 189 \
8.2.1. The Matrix Langevin L(m,k;F) Distribution, 189
8.2.2. The Matrix Langevin L(m, fc; m1/2F)

Distribution, 194
8.3. Asymptotic Expansions for the Matrix Bingham and

Langevin Distributions on Vkm and Pk>m_k, 198
8.3.1. The Matrix Bingham B(m,k;B) and Langevin

Up){m,k;B) Distributions, 198
8.3.2. The Matrix Bingham B(m, k; mB) and Langevin

L<-p)(m,k;mB) Distributions, 203



Contents

8.4. Generalized Stam's Limit Theorems, 208
8.4.1. The First Theorem, 208
8.4.2. The Second Theorem (Limit Orthogonality

8.5. Asymptotic Properties of the Parameter Estimation and
the Tests of Hypotheses, 214
8.5.1. Limit Properties of Various Statistics, 214
8.5.2. Asymptotic Properties for the Matrix Langevin

Distributions on Vk m , 217
8.5.3. Asymptotic Properties for the Matrix Langevin

Distributions on Pk m_fc, 222

9. Procrustes Analysis on the Special Manifolds 231

9.1. Introduction, 231
9.2. Procrustes Representations of the Manifolds, 232

9.2.1. Ordinary Procrustes Analysis, 232
9.2.2. Generalized Procrustes Analysis, 237

9.3. Perturbation Theory, 243
9.3.1. Procrustes Statistics with Errors in One

Matrix, 243
9.3.2. Procrustes Statistics with Errors in Both

Matrices, 245
9.4. Embeddings, 246

10. Density Estimation on the Special Manifolds 247

10.1. Introduction, 247
10.2. Kernel Density Estimation on Pk m_k, 249

10.2.1. General Discussion, 249
10.2.2. Applications for a Special Kernel Function, 256

10.3. Kernel Density Estimation on Vk m , 258
10.3.1. General Discussion, 258
10.3.2. Applications for a Special Kernel Function, 263

10.4. Density Estimation via the Decompositions (or
Transformations) of Pkm_k and Vfcm, 264
10.4.1. Density Estimation on Pkm_k, 264
10.4.2. Density Estimation on Vkm, 265



Contents xix

10.5. Density Estimation on the Spaces <Sm and #m ,p , 266
10.5.1. Density Estimation on Sm, 266
10.5.2. Density Estimation on Rmp, 271
10.5.3. Density Estimation for Multiple Random

Matrices, 276

11. Measures of Orthogonal Association on
the Special Manifolds 283

11.1. Introduction, 283
11.2. Measures of Orthogonal Association on Vk m , 284
11.3. Measures of Orthogonal Association on Pk<m-k, 286
11.4. Distributional and Sampling Problems on Vk m , 287

11.4.1. A Family of Associated Distributions, 287
11.4.2. Distributions of the Estimated

Measure of Orthogonal Association, 288
11.5. Related Regression Models on Vkm, 292

Appendix A. Invariant Polynomials with Matrix Arguments 295

A.I. Introduction, 295
A.2. Zonal Polynomials, 297
A.3. Invariant Polynomials with Multiple Matrix

Arguments, 299
A.4. Basic Properties of Invariant Polynomials, 301
A.5. Special Cases of Invariant Polynomials, 312
A.6. Hypergeometric Functions with Matrix Arguments, 315
A.7. Tables of Zonal and Invariant Polynomials, 319

Appendix B. Generalized Hermite and Laguerre Polynomials
with Matrix Arguments 321

B.I. Introduction, 321
B.2. Generalized Hermite Polynomials HW. with Symmetric

Matrix Arguments, 322
B.2.1. Series (Edgeworth) Expansions for Multiple

Random Symmetric Matrices, 322
B.2.2. Definition of the Polynomials H^.^, 324

B.2.3. Various Properties of the Polynomials H^;(f), 325



xx Contents

B.3. Generalized Hermite Polynomials H^Tfl with Rectangular
Matrix Arguments, 331
B.3.1. Series (Edgeworth) Expansions for Multiple

Random Rectangular Matrices, 331
B.3.2. Definition of the Polynomials ffj^jfj, 333

B.3.3. Various Properties of the Polynomials #j^jfj, 333
B.4. Generalized Laguerre Polynomials in Multiple Matrices, 337

B.4.1. Generalized (Central) Laguerre Polynomials, 337
B.4.2. Generalized Noncentral Laguerre Polynomials, 339

B.5. Generalized Multivariate Meixner Classes of Invariant
Distributions of Multiple Random Matrices, 344

Appendix C. Edgeworth and Saddle-Point Expansions for
Random Matrices 347
C.I. Introduction, 347
C.2. The Case of Random Symmetric Matrices, 348

G.2.1. Edgeworth Expansions, 348
C.2.2. Saddle-Point Expansions, 354
C.2.3. Generalized Edgeworth Expansions, 356

C.3. The Case of Random Rectangular Matrices, 358
C.3.1. Edgeworth Expansions, 358
C.3.2. Saddle-Point Expansions, 365
C.3.3. Generalized Edgeworth Expansions, 367

C.4. Applications, 369
- C.4.1. Exact Saddle-Point Approximations, 369

C.4.2. Applications for the Matrix Langevin Distributions
on Vktm, 370

C.4.3. Applications for the Matrix Langevin Distributions
on Pfc,m_fc, 374

Bibliography 379

Index 391


