Wolfgang Kliesch

Symmetry and

Symmetry Breaking in
Chemistry

Molecular Structures and Chemical Reactions

DE GRUYTER



Contents

Preface —V

List of Tables — XIII

List of Figures — XV

List of Notation — XVII

1

2

21
211
21.2
2.2
23
24
2.5
2.5.1
25.2
2.6

Introduction — 1

Some mathematical fundamentals — 6

Vector spaces — 6
The sum of subspaces w—7

The tensor product of two vector spaces — 9

Pre-Hilbert spaces — 10
Affine spaces — 12
Equivalence relations — 13
Linear functions —— 14
Endomorphisms — 18

Isomorphisms and automorphisms —- 23

Kronecker product of matrices — 24

PartI: Groups

3

3.1
3.2
3.2
3.2.2
323
3.3
34
3.5
3.6
3.6.1
3.6.2
3.7

Groups ~— 29

Groups —— 29

Subgroups — 31

Conjugate subgroups ~— 31

The normalizer of a subgroup ~— 32
Subgroups generated by a set — 33
The direct product of groups — 34
Conjugacy classes — 35

Cosets and factor groups — 38
Group homomorphisms — 41
Group isomorphisms — 43
Homomorphism theorem — 45
The matrix groups GL(n, K) — 46



VIII === Contents

3.8
39

5.1
5.11
51.2
513
5.2
53

6.1
6.2
6.3

71
7.2

The automorphism groups Aut(V) — 47
Symmetrical groups Sy, —— 48

The action of a group —— 52

The representation of a group — 55
Representations ~— 55
Linear representations —— 55
Matrix representations —— 56
The direct sum of linear representations — 57
Decomposition of representations — 59
Equivalent representations — 62

The character of a linear representation — 69
The character of a representation — 69
Class functions —— 70
The character of a direct sum of linear representations — 74

The regular representation and consequences — 78
The dimension formula — 79
The number of the irreducible representations — 80

Part II: Isometry groups

8
8.1
8.2

9
9.1
9.2

10
10.1
10.1.1
10.1.2
10.2
10.3
10.3.1
10.3.2
10.4

The isometry group Z(V,) — 85
The isometries on V,, — 85
The isometry group Z(V,,) ~— 89

The isometry group Z,(V,) ~—— 91
The isometries on V, — 91
The group O(2) — 93

The isometry group Zy(R?) — 101
The rotations on R> — 101
Rotation matrices — 102
Properties of the rotation matrices — 106
The group SO(3) — 111
The improper rotations on R> — 113
Improper rotation matrices — 115
Properties of the improper rotation matrices = 117
The group O(3) — 119



105 The isometry group Zo(R3) — 122
10.5.1 The product of two isometries — 126
10.5.2 Commuting isometries —- 130

10.5.3 Conjugate isometries — 131

Part III: The symmetry of molecules

11 The symmetry of molecules — 137

11.1 The symmetry of a figure in R — 137
1.2 The symmetry of a nuclear configuration — 141
1.3 Similar nuclear configurations — 145
1.4 The symmetry elements — 146

1.5 Requirements — 148

12 Point groups of molecules — 149

12.1 The cyclic groups —— 149

12.1.1 The groups C, — 149

12.1.2 The group C, — 150

12.1.3 The groups S, — 150

12.2 The groups C,;, and C,, — 151

12.2.1 The groups C,, — 151

12.2.2 The groups C,,, — 152

12.3 The dihedral groups — 157

12.3.1 The groups D, — 157

123.2 The groups D,,;, — 160

12.3.3 The groups D,y — 165

Part IV: Symmetry in molecular systems

13 The configuration space of a molecular system — 175
13.1 The configuration space P, — 176

13.2 The space T of overall translations — 179

133 The configuration subspace P, — 180

134 The configuration subspace Ly(d) —— 181

13.5 The space of infinitesimal rotations — 182

14 Symmetry in a configuration space — 188

14.1 The linear representation I, — 189

14.1.1 The matrix representation I, —— 189

14.1.2 The linear representation {,, — 193

Contents == IX



X =— Contents

14.1.3 Properties of the linear representation I, — 196

14.2 The symmetry of a point —— 197

14.3 Fixed-point subspaces —— 199

14.4 The dimension of a fixed-point subspace — 209

15 The energy function of a molecular system — 214

15.1 Gradient and Hessian matrix of an energy function — 215
15.2 Gradient and Hessian matrix at G-symmetric points — 220
15.3 Stationary points of an energy function — 223

15.4 Reduced energy functions on fixed-point subspaces — 225

Part V. Symmetry breaking in molecular systems

16 Symmetry breaking in a molecular system — 231

16.1 Bifurcation subgroups — 231

16.2 Bifurcation subgroups and characters — 245

16.2.1 Normal bifurcation subgroups — 245

16.2.2 Nonnormat bifurcation subgroups — 247

17 The bifurcation subgroups of some Abelian point groups —- 255
171 The bifurcation subgroups of the groups C,, C; and S,, — 255
17.2 The bifurcation subgroups of the groups C,, — 258

18 The bifurcation subgroups of the groups C,, — 261

18.1 Some nonnormal subgroups of the groups C,, — 261

18.1.1 The subgroups C, and C, — 261

18.1.2 The subgroups C,, and C,, — 264

18.2 The normal bifurcation subgroups of the groups C,, — 267

18.3 The nonnormal bifurcation subgroups of the groups C,,,n = 3,...,6 —270
18.3.1 Group C3, — 271

18.3.2 Group C,, — 272

18.3.3 Group Cy, — 273

18.3.4 Group Cq, — 274

19 The bifurcation subgroups of the groups D,, — 277

19.1 The normal bifurcation subgroups of the groups D, — 277

19.2 The nonnormal bifurcation subgroups of the groups D,,n = 3,...,6 — 280
19.2.1 Group D; — 282

19.2.2 Group D, — 282

19.2.3 Group Dy — 283

19.2.4 Group Dy — 285



Contents = XI

20 The bifurcation subgroups of the groups D,,;, — 289

20.1 Two group automorphisms - 289

20.1.1 Group automorphism ®, — 289

20.1.2 Group automorphism &, — 290

20.2 Some nonnormal subgroups of the groups D, — 290
20.2.1 Groups C, and C} — 292

20.2.2 Groups C,, and D, — 293

20.2.3 Groups Cj, and C,, — 295

20.2.4 Groups Cj, and Chy, — 297

20.2.5 Groups Dy, and D) — 299

203 The irreducible representations of the groups D,,;, — 301
204 The normal bifurcation subgroups of the groups D,,, — 307
20.5 The nonnormal bifurcation subgroups of the groups Dy, n = 3,...,6 — 309
20.5.1 Group D3, — 311

20.5.2 Group Dy, —- 312

2053 Group Dgp, — 314

205.4 Group D¢, — 316

21 The bifurcation subgroups of the groups D, — 320

211 A group automorphism — 320

21.2 Some nonnormal subgroups of the groups D,,q —- 321
21.21 Groups C} and C” — 322

2122 Groups D, and ¢ — 323

21.23 Groups D5 and Cﬁ%’ — 325

21.2.4 Groups )" —- 328

2125 Groups D{) — 329

213 The normal bifurcation subgroups of the groups D,y — 335
21.4 The nonnormal bifurcation subgroups of the groups Dy, n = 2,...,6 —338
2141 Group D,y — 339

214.2 Group D3y — 341

2143 Group Dyy — 342

214.4 Group D5y — 345

21.45 Group Dgy — 347

Part VI Equilibrial paths and symmetry breaking

22 Equilibrial reaction paths — 357

221 Equilibrial paths — 358

2214 The function hg — 359

22.1.2 The zero set of the function hy — 362



XII — Contents

22.2 Symmetric regular paths — 369
22.2.1 Equivariant functions —— 369
2222 Symmetry conservation «—— 371
22.2.3 Reduced functions — 374

23 Symmetry breaking at an equilibrial path — 380
23.1 Simple bifurcation points —— 380
23.2 Symmetry breaking bifurcation points -~ 381

Part VII: Chemical reactions

24 A mathematical model of chemically reacting systems — 391
241 Preliminaries — 391

24.2 Transition configurations ~— 393

24.21 Definition of transition configurations — 393

24.2.2 Saddle points ~—— 397

24.2.3 Valley-ridge-inflection points — 398

24.3 A classification of chemical reactions — 400

24.3.1 Chemical reactions of Type | — 402

243.2 Chemical reactions of Type II —— 402

2433 Chemical reactions of Type III —- 410

25 Examples — 411

251 Ammonia — 412

25.2 Xenon tetrafluoride — 425
25.3 Ozone — 441

254 Formaldehyde — 448

A The symmetry types — 459

Bibliography — 461

Index — 463



List of Tables

Table 10.1 The symmetry operations. —— 122

Table 11.1 The symmetry elements and the associated isometries. —— 148

Table 121 The elements of the cyclic groups S,, n = 2,4,6. —— 151

Table 12.2 The elements of the groups Cpp, n = 1(1)6. == 152

Table 12.3 The elements of the groups C,,, n = 1(1)6, — 154

Table 12.4 The elements of the dihedral groups D, n = 2(1)6. ~——160

Table 12.5 The elements of the dihedral groups Dy, n = 2(1)n, —— 163

Table 12.6 The values of & at the generating elements of the group D,y,. —— 164

Table 12.7 The products in the group D,,. —— 169

Table 12.8 The products ®(g)®(g’), 9,9’ € Dpg. —— 169

Table 12.9 The elements of the dihedral groups D4, n = 2(1)6. — 170

Table 14.1 The dimensions of some fixed-point subspaces. —— 211

Table 17.1 The bifurcation subgroup of some cyclic groups, —— 257

Table 17.2 The bifurcation subgroups of the groups C,,, n = 1(1)6. —— 260

Table 18.1 The irreducible characters of the group Cy,. —— 269

Table 18.2 The irreducible characters of the group Cg,,. = 269

Table 18.3 The irreducible characters of the group Cy,. —— 269

Table 18.4 The irreducible characters of the group Cs,. —— 269

Table 18.5 The irreducible characters of the group Cg,. == 270

Table 18.6 The bifurcation subgroups of the groups C,,, n = 2(1)6, == 270

Table 19.1 The irreducible characters of the group D,. — 279

Table 19.2 The irreducible characters of the group D3, ~— 280

Table 19.3 The irreducible characters of the group D;. — 280

Table 19.4 The irreducible characters of the group D;. —— 280

Table 19.5 The irreducible characters of the group Dg. —— 280

Table 19.6 The bifurcation subgroups of the groups D, n = 2(1)6. —— 281

Table 20.1 The products in the group Dpp,. —— 289

Table 20.2 The products ®;(g)®,(g’) in the group Dy, —— 290

Table 20.3 The products ®,(g)®,(g’) in the group D,,. —— 290

Table 20.4 The image of the group Dy, under @,. 294

Table 20.5 The irreducible characters of the group Dyy,. =—— 303

Table 20.6 The irreducible characters of the group Dy, —— 304

Table 20.7 The irreducible characters of the group Dyy,. —— 304

Table 20.8 The irreducible characters of the group Dsp,. —— 304

Table 20.9 The irreducible characters of the group Dgp,. =~ 305

Table 20.10  The irreducible characters of the groups Dy, n = 2(1)6, and their generating characters of
the group D,. — 306

Table 20.11 The bifurcation subgroups of the groups D, n = 2, ..., 6. —— 309

Table 21.1 The products of the isometries of the groups D,g. =— 320

Table 21.2 The products ®(g)®(g’), 9,9’ € Dyg. —= 321

Table 21.3  Group table of the group D). —— 329

Table 21.4 The one-dimensional characters y;, i = 1(1)4, of the groups D,,4. — 336

Table 21.5 The irreducible characters of the group Dyy. —— 337

Table 21.6 The irreducible characters of the group D3y. —— 337

Table 21.7 The irreducible characters of the group Dyq. —— 337

Table 21.8 The irreducible characters of the group Dsy. —— 338

Table 21.9 The irreducible characters of the group Dgy. —— 338




XIV === |jst of Tables

Table 21.10
Table 25.1
Table 25.2
Table 25.3
Table 25.4
Table 25.5
Table 25.6
Table 25.7
Table 25.8
Table 25.9
Table 25.10
Table 25.11
Table 25.12

Table 25.13
Table 25.14

Table 25.15
Table 25.16

The bifurcation subgroups of the groups D,q, n = 2(1)6. — 339
The traces of the isometries of the group [4(D3;,). — 414
The character of the linear representation f,. —— 415

The subrepresentations of the linear representation ;. —— 415

The images of the vectors y;, / = 4(1)9, under the isometries of the group f4(Dsp). — 421
The character of the subrepresentation ', —— 422

The character of the linear representation f'g. —— 428

The subrepresentations of the linear representation f';. — 429

The dimensions of the fixed-point subspaces Fix(Ps; ['s(H)) and Fix(Pg; T's(H)). — 429
The images of the vectors y;, i = 1(1)4, under the isometries of the group 5(D,p). ——— 433
The character of the linear representation I’y —— 443

The subrepresentations of the linear representation ;. —— 443

The dimensions of the fixed-point subspaces of the bifurcation subgroups of the group
D3p. —— 444

The images of the base vectors y;, i = 0(1)5, under the isometries of the group
F3(D3p). —— 446 A

The subrepresentations of the linear representation I'y. —— 450

The images of the vectors u; under the isometries of the group {4(Cy,). — 452
The isotropy subgroups of the vectors y;. == 452



List of Figures

Figure 9.1

Figure 9.2

Figure 10.1
Figure 10.2
Figure 11.1
Figure 11.2
Figure 12.1
Figure 12.2
Figure 12.3
Figure 12.4
Figure 22.1
Figure 23.1
Figure 23.2
Figure 24.1
Figure 24.2
Figure 24.3
Figure 24.4
Figure 25.1
Figure 25.2
Figure 25.3
Figure 25.4

Figure 25.5

Figure 25.6
Figure 25.7

Figure 25.8

Figure 25.9
Figure 25.10

Figure 25,11
Figure 25.12
Figure 25.13
Figure 25.14
Figure 25.15
Figure 25.16
Figure 25.17

Figure 25.18
Figure 25.19

Distance preserving under a rotation. —— 92

The reflection of a vector x € V, at a Line g(t). —— 99

Rotations in the plane perpendicular to the rotational axis a. —— 102

The reflection of a point P. —~ 114

A simple symmetric figure, —— 138

A symmetric figure. —— 141

The action of the compasitions avC,’,‘ and C,j"av. —153

The 2-fold symmetry axes of a 3-sided and a 4-sided regular prism. —— 159

The symmetry planes of a 3-sided and a 4-sided regular prism. —— 162

Top plans of a D3y-symmetric and a D44-symmetric solid. ——— 166

The zero set of a function hy. — 366

Symmetric symmetry breaking. —— 387

Asymmetric symmetry breaking. — 388

Two symmetric elementary reactions of a chemical reactions, = 404

A complex of symmetric elementary reactions. == 405

A complex of asymmetric elementary reactions. —— 407

A chemical reaction of Type Illa, — 410

Base of R3, — 412

A D3p-configuration of the NHz-system. =413

Inversion of ammonia. — 418

The action of the bifurcation vectors yg, £4(C2)(ys) and F4(Gs)(ys) on a Dy,-symmetric
nuclear configuration of the NH;-system. —— 422

The action of the bifurcation vectors yg, £4(C3)(ys) and f4(C3)(ys) on a D3,-symmetric
nuclear configuration of the NH;-system. —— 423

Illustration of the subspace Q. —— 424

Products of the asymmetric elementary reaction in the subspace

Fix(Pg; T4(Dsp)) + V5. — 424

Products of the asymmetric elementary reaction in the subspace

Fix(Po; T4(Dgp)) + V. — 424

Xenon tetrafluoride. —— 425

The action of the bifurcation vectors vz and v, on a D,-symmetric nuclear
configuration, —— 432

The action of the bifurcation vectors vg and v; on a Cy,-symmetric and a Dyy-symmetric
reactant, respectively. =432

The action of the Ch,-symmetric bifurcation vectors y, and y, on a D,y,-symmetric nuclear
configuration. — 434

The action of the Ch,-symmetric bifurcation vectors ys and yg on a Dy,-symmetric nuclear
configuration. — 435

The action of the C},-symmetric bifurcation vectors y, and y; on a D,y,-symmetric nuclear
configuration. —— 435

The action of the C5,-symmetric bifurcation vectors '5(C4)(ys) and I's(C4)(ys) on a
D4n-symmetric nuclear configuration, —— 436

A narcissistic reaction in the fixed-point subspace Fix(Py; f‘s(DZh)). —— 437

A complex of symmetric elementary reactions in the subspace U,. —— 440

A D3,-symmetric nuclear configuration of the O3-system. — 441

The action of the bifurcation vectors with respect to the groups Ch,, C3C5,C and
C2Ch, Gy —— 447



XVI — List of Figures

Figure 25.20
Figure 25.21
Figure 25.22
Figure 25.23

Figure 25.24
Figure 25.25
Figure 25.26
Figure 25.27
Figure 25.28
Figure 25.29

The chemical reaction 0, + O — O3, = 447

Formaldehyde. —— 448

The action of the vectors y;, yg and yq on a C,,-symmetric nuclear configuration. —— 453
The action of the bifurcation vectors y,, y; and y; on a C,,-symmetric nuclear
configuration. =~—— 454

cis- and trans-hydroxycarbene. —— 454

Two Cy,~symmetric transition complexes of the H,CO-system. ~—— 455

A C,-symmetric isomer of formaldehyde. —— 455

The isomerization H,CO — HCOH in the fixed-point subspace Fix(Py; [, (C{Y)). — 456
The linear transition complex ty. — 457

The cis-trans isomerization of hydroxycarbene in the fixed-point subspace

Fix(Pg; T,(Cy). — 458



